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Section 1

INTRODUCTION
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EULER FORMULA

number of vertices - number of edges + number of faces = 2

More generally, this formula holds for any polyhedron of genus 0 (no hole).
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BETTI NUMBER

Usual (meaning triangulable) topological spaces may be obtained by
glueing simplices (such that the above tetrahedra) and one can define
their Betti numbers by combinatorial arguments. This may be shown to be
independent of the triangulation.

EXAMPLES

@ For the sphere, we have hg = hp = 1 and h; = 0 so that
ho — h1 4+ ha = 2 (a sphere is homeomorphic to a connected
polyhedron of genus 0).

@ For a torus, we have again hg = h, = 1 but now h; = 2 so that
ho — hy + hp = 0.

© More generally, for a compact surface of genus g (g holes) with ¢
components, we have hg = hp = ¢ and h; = 2g so that
ho — h1 + hp = 2¢c — 2g.
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HOMOLOGY /COHOMOLOGY

If X is a triangulable topological space, one can define its simplicial
homology groups H;(X) in such a way that that h; = rank H;(X).

We will actually use singular homology (considering all continuous maps
from simplices to X) instead of simplicial homology: they are isomorphic
but there is more flexibility in the later (which is always defined).

In fact, we will consider the cohomology groups Héing(X) (which are
essentially dual to homology groups). More generally, when X is
sufficiently connected, one can define H;, ., (X, V) where V is any

sing
representation of 71 (X, x).

A sheaf on a topological space X is a collection of objects defined on open
subsets of X that one can glue locally (more precise definition later). Also,
one can define the cohomology of a sheaf.

Then, the representations V of 71(X, x) correspond bijectively to locally
constant sheaves F on X and cohomology coincides.
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ANALYTIC DE RHAM

If X is a (real)'difFerentiaI manifold, one can define its de Rham
cohomology Hjjr (X) as the cohomology of the complex

0— = Q9(X) —L> Q1(X) —T> Q2(X) — - -

of C> forms on X (with H = ker d’'/imd'~1). Then, de Rham theorem
states that H}; . (X, R) ~ Hir (X).

sing
Here is a sheaf-theoretic interpretation of de Rham theorem: one can
define a de Rham complex which is a complex of sheaves Q25 on X and
show that H'(X, Q%) =~ Hiz(X). On the other hand we know that
H (X, Rx) ~ Héing(X,R). de Rham theorem then follows from the fact
that Q% is a resolution of Rx (more on this later).

The same results hold for analytic varieties over C. Moreover, there exists
a bijective correspondence between locally constant sheaves of finite
Cx-vector spaces and coherent Ox-modules with an integrable

connection. And de Rham theorem extends to these coefficients.
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ALGEBRAIC DE RHAM

If X is a smooth algebraic variety over a field k, we can define a de Rham
complex Q2% on X (a complex of sheaves for the Zariski topology) and the
de Rham cohomology of X as Hig(X) := H'(X, Q%).

When k = C, one has Hij (X) ~ H/z (X®"). More generally, there exists
an equivalence between coherent modules with a regular integrable
connection on both sides and cohomology coincides.

It is also convenient to introduce the sheaf of differential operators Dx on
X. This is a non commutative ring. But a module with an integrable
connection is simply a left Dx-module. Moreover, we have

Hir (X, F) ~ Extp, (Ox, F).

Also, this is beyond the scope of this course, but constructible Cx-vector
spaces correspond to regular holonomic Dx-modules once we work in the
derived categories. And again, cohomology coincides.
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ETALE

If X is a topological space, we may consider all local isomorphisms

X' — X. This is a site and a sheaf on this site is a collection of objects on
these X’ that glue locally. Actually, such a sheaf corresponds to a usual
sheaf on X and cohomology coincides.

When X is an algebraic variety over a field k, the étale site is made of all
étale (meaning flat and unramified) maps X’ — X. This is not equivalent
to Zariski topology. This is better: when k = C, finite locally constant
sheaves on the étale site of X correspond to finite locally constant sheaves
on (the site of local isomorphisms of ) X" and cohomology coincides.

Moreover, as long as the order of the sheaves are not divisible by the
characteristic p of k, the étale cohomology behaves very well. This gives
rise to various ¢-adic cohomologies for £ £ dp. They provide a tool for
proving Weil conjectures (Grothendieck school).

Bernard Le Stum (Université de Rennes 1) Cohomology and sheaves February 23, 2017 9 /161



CRYSTALLINE

If X is an algebraic variety, we may consider the infinitesimal site of all
“nilpotent” immersions U < T where U is an open subset of X. There
exists a sheaf of commutative rings Ox,inf on this site (on U < T, this is
the ring of functions defined on T).

In characteristic zero, if X is smooth, then locally finitely presented
Oy inf-modules correspond to coherent Ox-modules with an integrable
connection. And again cohomology coincides.

In characteristic p > 0, the differential approach makes sense but does not
give the correct objects. However, we may define the crystalline site
exactly as the infinitesimal site by using divided powers instead of
nilpotent immersions. This gives a good theory in the proper smooth case.
We may also use Monsky-Washnitzer cohomology in the smooth affine
case, or more generally rigid cohomology by doing de Rham cohomology
on a suitable lifting. There exists also a theory of arithmetic D-modules.
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Section 2

CATEGORIES AND FUNCTORS
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WARNING

We will consider here collections of objects that do not make a set. But
we will still use the notations and the vocabulary of set theory.

We need to do that because we want to consider, for example, the
collection of all sets. And this is not a set as Russell's paradox shows: let

y ={x, x¢&x}.
Then, if y € y, we have y € y and conversely.

In order to get around this problem and stay inside classical set theory, one
may also work in a fixed universe. Then a set means a “set that belongs to
our universe” and a collection is a “set that might not belong to our
universe”.

One may also think that set theory is not a good model for category or
topos theory and forget about it for a while. .. we'll be careful however.
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A quiver C consists in

@ A collection of objets X,
@ For all X, Y €C, a set of morphisms Home¢(X, Y),
@ For any object X, an identity morphism Idx € Hom¢(X, X).

If f € Hom¢(X,Y), we say that X is the domain of f, that Y is its
codomain and we write f : X — Y.

We will also write End¢(X) := Home (X, X) and call it the set of
endomorphisms of X. This is a pointed set.

Note that the data of 1) and 2) gives what is called a (directed) graph.
Then one usually say vertices and edges instead of objects and morphisms.
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CATEGORY

A category C is a quiver endowed with a composition rule

Hom¢ (X, Y) x Home(Y, Z) —— Home(X, 2)
(f,8)! gof

for all X,Y,Z € C, which is associative:
Vi X—=>Y,g:Y—Zh:Z—T, ho(gof)=(hog)of.
with unit:

VE:X =Y, foldx=f

vXec, {W:Y—>X, ldy o f = f

Note that the identity is uniquely determined by this property. Note also
that End¢(X) is now a monoid.
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EXAMPLES
@ Set: sets, maps and usual composition.

@ FSet: finite sets and maps between them.

© G-Set: sets endowed with a (left) action of a fixed monoid G (and
compatible maps).

@ Set-G: sets endowed with a right action of G.

v

EXAMPLES

Mon: monoids and monoid homomorphisms (preserving the unit).

Gr: groups and group homomorphisms.
FGr: finite groups and group homomorphisms between them.
Ab: abelian groups and group homomorphisms.

Rng: (associative unitary) rings and (unitary) ring homomorphisms.

©000O0O0

CRng: commutative (associative unitary) rings and (unitary) ring
homomorphisms.

A,
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EXAMPLES

G-Mod: abelian groups with a linear action of a fixed monoid G.
Mod-G: abelian groups with a linear action of G on the right.
A-Mod: (left) A-modules (where A is a fixed ring).

k-Vec: k-vector spaces, same as A-Mod when A = k is a field.
Mod-A: right A-modules.

k-Alg: k-algebras (where k is a fixed commutative ring).

k-CAlg: commutative k-algebras.

©0000CO0O0O0O0

Rep,(G): k-linear representations of G.

| A

EXAMPLE

A-Op: an object is a pair (M, u) with M € A-Mod (where A is a fixed
ring) and u € Enda(M); a morphism is an A-linear map f : M — M’ such
that /o f = fou.
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EXAMPLES

@ Act: an object is a pair (G, E) made of a monoid G and a G-set E.
A morphism is a couple made of a homomorphism ¢ : G — G’ and a
map f : E — E’ satisfying

Vg € G,x € E, f(gx) = ¢(g)f(x).

@ Mod: an object is a pair (A, M) made of a ring A and an A-module
M. A morphism is a couple made of a ring homomorphism
¢ : A— A’ and an additive homomorphism f : M — M’ satisfying

Vae As € M, f(as) = ¢(a)f(s).

@ Alg: an object is a pair (k, A) made of a commutative ring k and a
k-algebra A. A morphism is a couple made of a ring homomorphism
¢ : k — k' and another ring homomorphism f : A — A’ satisfying

Va € k,a € A, f(aa) = p(a)f(a).
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EXAMPLES

@ Top: topological spaces and continuous maps.

© TGr: topological groups and continuous group homomorphisms.
© Sch: schemes.

© Var,: algebraic varieties over a field k.

@ An: analytic varieties over C.

| A\

EXAMPLE

A: this is the simplex category whose objects are the positive finite
ordinals [n] for n € N and morphisms are order preserving maps. Recall
that [n] is the set {0,..., n} totally ordered by 0 <1 <2 < --- < n. The
injective (resp. surjective) maps

0 :[n—1] — [n] (resp. o] : [n+ 1] — [n])

are called the face (resp. degeneracy) maps. Any morphism in A is a
composition of some face and degeneracy maps.
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EXAMPLES

@ Any ordered set (/,<) may (and will) be seen as a category: the
objects are the elements of / and for all i,j € /, there exists a unique
morphism i — j if i < j and none otherwise.

© As a particular case, any finite ordinal will be seen as a category. For
example:

® 0=0={}: the category with no object (and no morphisms).

© 1 =[0] := {0}: the category with exactly one morphism (and one
object).

® 2 =[1] = {0 — 1}: the category with one non trivial morphism (and
two objects).

@ Open(X) where X is a topological space: this is the set of open
subsets of X ordered by inclusion.

@ Any (unordered) set may be ordered by equality and becomes a
category (with only trivial morphisms).
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METACATEGORY

A metacategory is a collection of morphisms endowed with a partial
associative composition: the composite g o f is not always defined but
ho(gof)is defined if and only if (ho g) o f is defined, and then, they are
equal.

One defines an object of the metacategory as a morphism X that satisfies
foX=f and X of = f whenever this is defined.

One requires that for any morphism f, there exists a (unique) object X(f)
(its domain) such that f o X(f) is defined and a (unique) object Y(f) (its
codomain) such that Y(f) o f too is defined. Finally one requires also that
g o f is defined if and only if Y(f) = X(g).

Then, if the collections
Hom(X,Y):={f,X(f) =X and Y(f) =Y}

are actually sets, we obtain a category. And conversely, in any category,
the morphisms form a metacategory.
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EXAMPLES

@ Mat, where A is a fixed ring: this is the metacategory of matrices of
any size and multiplication of matrices (whenever this is defined).
This is actually a category.

© A monoid G is a metacategory. This is actually a category with
exactly one object.

@ There exists metacategories that are not categories (the metacategory
of all functors for example - see below).

Many authors give a broader meaning to the notion of category (with no
set-theoretic condition) which makes it equivalent to what we call a
metacategory. And then, they call “locally small category” what we did
define as a category. Actually, we will make a tremendous use of the fact
that the morphisms between two objects do make a set. This is why we
believe our definition is the best for our purpose. However, most
definitions below apply also to metacategories.
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SMALL AND FINITE CATEGORIES

A category is said to be small (resp. finite) if the corresponding
metacategory is a set (resp. a finite set).

EXAMPLES

The category Set is not small.

The simplex category A is small but not finite.

An ordered set (/, <) is a small category. It is finite if / is finite.
If X is a topological space, then Open(X) is a small category.
A monoid G is a small category. It is finite if G is finite.

If Ais a ring, then Mat, is a small category.

0 O000O0O0

If nis an integer, then n is a finite category. This applies in particular
to the categories 0, 1 and 2.

v

Some authors use a restricted notion of category and assume from the
beginning that they are small. We will see later why we cannot do that.
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PrRODUCT AND DUAL

Q@ If C and C’ are two categories, then the product category C x C’ is the
category whose objects are couples (X, Y) with X € C and Y € (', a
morphism is a couple of morphisms and composition is defined
component-wise.

© The opposite category or dual category of a category C is the
category C°P with the same objects as C, for all objects X, Y,

Homeer (X, Y) = Home (Y, X),

and composition is defined by reversing the order.

@ The dual category to (/,<) is (/,>).

© The dual category to 0 or 1 is itself.

@ If G is a monoid, then the dual category is the opposite monoid.
@ We always have (C°P)°? =C
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SUBCATEGORY

A subcategory C’ of a category C is a collection of objects X of C, and for
all X, Y € (', a subset Hom¢/ (X, Y) C Home(X, Y) satisfying the
following properties: If X € C’, then Idx is a morphism in C’ and if
f:X—=Yand g:Y — Z are two morphisms in C’, then go f is a
morphisms in C’. It is called a full subcategory if we actually have

VX,Y € C,, HOmC/(X, Y) = Homc(X, Y).

EXAMPLES
@ The category Gr is not a subcategory of Set.

© The category Ab (resp. CRng) is a full subcategory of Gr (resp.
Rng).

© A nonempty subcategory of a monoid G is a submonoid.
@ A subcategory of an ordered set (/, <) is an ordered subset.

v

Bernard Le Stum (Université de Rennes 1) Cohomology and sheaves February 23, 2017 24 / 161



Given a collection of objects of C, there exists a unique full subcategory C’
of C with exactly these objects. This is the full subcategory generated by
the given collection of objects. If this collection is defined by a property P,
we will often write C’ = C (decoration).

Recall that a category C is a directed graph with identities and a rule for
composition. And the notion of subcategory is stable under intersection.
Therefore, if S is a subgraph of C, there exists a smaller subcategory C’
containing this subgraph. This is the category generated by the subgraph.

EXAMPLES
@ The full subcategory of Set generated by finite sets is FSet.

O If Ais a ring, we may consider the full subcategory A-Mod™ or free
A-modaules of finite rank.

© The category generated by a subgraph has the vertices of the graph
as objects and finite compositions of edges as morphisms.

@ The ordered set Z is generated by the d”" : n — n+ 1.

@ The simplex category is generated by the face and degeneracy maps.

Bernard Le Stum (Université de Rennes 1) Cohomology and sheaves February 23, 2017 25 / 161



RETRACTION /SECTION

Let f : X — Y be a morphism in a category C. A retraction or left inverse
for f is a morphism g : Y — X such that go f = Idx.

A section or right inverse for f is a retraction for f in C°P.

If f has both a retraction g and a section h, then they are unique and we
have h=g.

When this is the case, f is called an isomorphism. We will then write
f:X~Y andset f~1:=g=h. Thisis the inverse of f and we might as

well say that f is invertible.
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EXAMPLES

@ Set: A map has a section if and only if it is surjective. And a map
with non empty domain has a retraction if and only if it is injective.
Finally, a map is an isomorphism if and only if it is a bijection.

© Ab: An injective (resp. surjective) morphism does not always have a
retraction (resp. section). But a morphism is an isomorphism if and
only if it is bijective.

© Top: Although the converse is true, a continuous bijective map is not
an isomorphism (called homeomorphism here) in general.

—+

@ k-Vec: A k-linear map has a retraction (resp. section) if and only if i
is injective (resp. surjective).

© Mat,: A matrix has a retraction or a section if and only if its rank is
maximal.

@ If G is a monoid, then the terminology of left or right inverse as well
as invertible element are the same as the usual ones.

@ In an ordered set, only the identities have a retraction or a section.
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FUNCTOR

A (covariant) functor F : C — C' is a map that associates to any X € C an
object

F(X) e
and to any morphism f : X — Y a morphism
F(f): F(X)— F(Y).
One requires the following properties to be satisfied:

Q@ vVXel, F(ldx) = IdF(X)
QVi:X—=Y,g:Y—=Z, F(gof)=F(g)oF(f).

Note that a functor is uniquely determined by its values on a generating
graph. Also, any functor preserves sections, retractions and isomorphisms.

A contravariant functor F : C — C’ is a (covariant) functor F : C°? — C'.
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EXAMPLES

@ The forgetful functors

Rng — Ab, Rng — Mon, Mon — Set,

© The forgetful functors

G-Set — Set, A-Mod — Ab, k-Alg — Rng...

© The forgetful functors
Act — Mon x Set, Mod — Rng x Ab,
@ The forgetful functors

Sch — Top, Var,, — Top,

Alg — CRng x Rng.

An — Top.

Top — Set...
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EXAMPLES

@ The free module functor (when A is a ring)
E — AE, Set — A-Mod
© The free abelian monoid functor
E — NE, Set— Mon.
@ The monoid algebra functor (when k is a commutative ring)
G — k[G], Mon — k-Alg

@ The polynomial ring functor (when k is a commutative ring)

E — k[NE], Set — k-CAlg.
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EXAMPLES

@ The abelianization functors

Gr — Ab, G— G*:=G/[G,G] and

Rng — Com, A A = A/({ab — ba},pena)-
@ The functors

G— G[G1,G— G* :Mon— Gr

that send a monoid to the group generated by G or to the invertible
elements of G.

@ The functors

E s Edisc Ey E01¢ Get — Top

obtained by endowing a set with its discrete or coarse topology.

v
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EXAMPLES

@ The contravariant functor
Spec : CRng — Sch  (or Spm : k-CAlg® — Var ;)

that send a ring (or a finitely presented commutative algebra) to the
set of its prime (resp. maximal ideals) with additional structure.

© The contravariant functor
X —T(X,0x), Sch— CRng

(or Var ;. — k-CAlg™, or An — C-CAlg)

© The contravariant functor E — ME Sets — Ab if M is an abelian
group.

The analytification functor X — X*" Var,c — An.
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EXAMPLE

There exists a functor A® : A — Top sending [n] to the standard
topological simplex

n
A" = {(XQ, ...y Xp) € R;al,ZX,- = 1}
i=0

and v : [n] — [m] to the unique linear map sending e; to e,;) if
(eo, - - -, en) denotes the usual basis.
In particular, we may consider the face maps given by

6k(X07 0co 7Xn—1) = (X07 ey Xk—1, 07 Xk4+15 - - - 7Xn—1)

and the degeneracy maps given by

k(X0 -+ s Xnt1) = (X0, + -+ Xk—1, Xk + Xkt 1, -+ » Xnt1)-
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EXAMPLES

@ If Ais a ring, we have

Hom : A-Mod®® x Ab — Mod-A and

®a: Mod-A x A-Mod — Ab.

When A is commutative, we can do a little better with

Hom, : A-Mod®® x A-Mod — A-Mod and

®a : A-Mod x A-Mod — A-Mod.

@ If A— B is a homomorphism of rings, we have obvious scalar
restriction B-Mod — A-Mod but also scalar extension and scalar
evaluation

A-Mod — B-Mod, M +— B®a M and M — Homa(B, M).
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EXAMPLES

Q /,— A" Maty — A-Mod.

@ The linear group functor GL,, : Rng — Gr. Note that in the case
n =1, this is simply the functor A — A*.

© The duality contravariant functor
M — M := Homz(M, A)

inside A-Mod (where A is a commutative ring).
A functor G — H between two monoids is a homomorphism.

A functor (/,<) — (J,<) is an order preserving map.

© 00

Any continuous map f : X — Y induces a functor

f~1: Open(Y) — Open(X).

Sending a group G to its center Z(G) is not functorial.
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EXAMPLES

@ The inclusion functor C' — C when C’ C C.
@ The projections

CxC' —C and CxC =

when C and C’ are two categories.

© The flip functor
CxC —=C xC.

@ The functors

C'—CxC, Y (X,Y),f (ldx,f) and

C—CxC X (X,Y),fr(fIdy)
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COMPOSITION

The identity functor Id¢ : C — C is given by
Ide(X) =X and Ide(f) =f.

The composition of two (covariant) functors F: C — C" and G : C' — C”
is given by

(Go F)(X)=G(F(X)) and (GoF)(f)= G(F(f)).

Any (covariant) functor F : C — C’ defines a (covariant) functor
FoP : C°P — C’°P. We may still write F instead of F°P. In particular, if G
is a contravariant functor, one usually writes G o F := G o F°P.

Note also that whenever it has a meaning, we have:
Ho(GoF)=(HoG)oF.

In other words, all functors together form a metacategory. Actually, small
categories and functors between them form a category Cat.
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EXAMPLES

@ The functor Hom¢ : C°P x C — Set sends (X, Y) to Hom¢(X, Y) and
(F: X =X,g:Y—=>Y)to

Home (X, Y) — Home(X', Y'), h+— gohof.
© By composition, we obtain for all X € C the very important functor
hE 1 C — Set, Y — Home(X, Y).
We will write hS; := h%,, so that

K (Y) = Home(Y, X).

v

EXAMPLE

There exists a contravariant functor

Top — Cat, X — Open(X),f — f L.

A
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FIBER CATEGORY

If F:C — (' is any functor, the fiber category Cy of F at Y C C’ is the
subcategory of C whose objects satisfy F(X) = Y and morphisms satisfy
F(f)=Idy.

EXAMPLES

@ The fiber at a set E of a forgetful functor C — Set classifies the
different ways of promoting E to an object of C.

@ The fibers of the forgetful functor Act — Mon, (G, E) — G are the
categories G-Set.

@ The fibers of the forgetful functor Mod — Rng, (A, M) — A are the
categories A-Mod.

@ The fibers of the forgetful functor Alg — CRng, (k, A) — k are the
categories k-Alg.
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SLICE CATEGORY

The category of morphisms of a category C is the category Mor(C) whose
objects are morphisms X — Y in C and morphisms are pairs of compatible
morphisms. Then, there exists two obvious domain and codomain functors

Dom, Cod : Mor(C) — C.

If X € C, the slice (or comma) category C,x of C at X is the fiber at X of
Cod (the category of objects above X). An object is a pair (Y, g) made of
an object Y € C and a structural morphism g : Y — X. If Z has
structural morphism h: Z — X, then a morphism Z — Y over X is simply
a morphism f : Z — Y such that h=go f.

Note that any morphism f : ¥ — X in C will induce a functor C/y — C/x.

@ If S is a scheme, then Sch/s is the usual category of S-schemes.
© When k is a commutative ring, we have (CRng‘?)°P = k-CAlg.

/k
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FAITHFULNESS

A functor F : C — (' is said to be faithful (resp. fully faithful) or called a
forgetful functor (resp. an embedding) if for all X, Y € C, the map

F : Home(X, Y) — Home/ (F(X), F(Y))

is injective (resp. bijective). It is said to be essentially surjective if any
object of C’ is isomorphic to some F(X).

A concrete category is a category C endowed with a faithful functor
C — Set called the forgetful functor.

@ The categories Mon, A-Mod, Rng, Top. . . are concrete.
© The functors E — E¢ and E — E©2¢ are fully faithful.
© The functor Maty — A-Mod, /, — A" is fully faithful.

@ The functor Gr — Ab, G — G?" is essentially surjective.
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NATURAL TRANSFORMATION

A natural transformation o : F — G between two functors F, G : C — (' is
a collection of morphisms

ax : F(X) = G(X)
for X € C such that
Vf: X = Y,G(f) oax = ay o F(f).
If F:C — (' is a functor, the natural identity Idr : F — F is given by

VX €C,ldpx = IdF(X)~

The composite of two natural transformations
a:F—G and [:G—H
is the natural transformation 3 o « given by
VX €C,(Boa)x = fxoax.
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EXAMPLES

@ The determinant
deta : GL,(A) — A*
defines a natural transformation between GL, and the functor
A — A* from Rng to Gr.

© The projection G —» G2 is natural (between the identity functor Idg,

and the functor composed of abelianization Gr — Ab and inclusion
Ab — Gr).

© If A denotes a commutative ring, the morphism
M — M, m— (u— u(m))

is natural (between the identity functor on A-Mod and the bidual
functor obtained by composing the dual with itself).
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EXAMPLE

If f: X — Y is any morphism in a category, there exists a natural
transformation hf : hY — hX given by

Hom(Y,Z) — Hom(X,Z), g—gof,
and a natural transformation hf : hx — hy given by

Hom(Z,X) - Hom(Z,Y), g—fog.

Note that the composition of natural transformations is associative in the
sense that, whenever this has a meaning, we have

(yoB)oa=yo(Boa)

Actually, the natural transformations between all functors from C to C’
form a metacategory Hom(C,C’). We obtain a category when C is small.

Finally, giving o : F — G is equivalent to giving a®? : G°P — F°P,
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NATURAL ISOMORPHISM

A natural isomorphism a : F —» G is a natural transformation such that
there exists a natural transformation 5 : G — F (necessarily unique) with

Boa=Idr et «aopf =ldg.

One can check that « is a natural isomorphism if and only if for all X € C,
ax is an isomorphism.

EXAMPLES

@ If Ais a commutative ring and M a projective A-module of finite

type, then the isomorphism M ~ M is natural.

© Let C be a category with one object X and one non trivial morphism
0. Let F be the identity of C and G the only non trivial endofunctor
of C. Then, the isomorphism F(X) = X = G(X) is not natural.
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EQUIVALENCE OF CATEGORIES

An equivalence of categories F : C — C’ is a functor such that there
exists a functor G : C' — C, called a quasi-inverse, with

GoF~Ide et FoG~Ide.

A functor is an equivalence of categories if and only if it is fully faithful
and essentially surjective.

In particular, if a functor C — C’ is fully faithful, then C is equivalent to a
full subcategory of C'.

A category is said to be essentially small (resp. essentially finite) if it is
equivalent to a small (resp. finite) category.
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EXAMPLE

If G is a monoid, there exists two essentially surjective functors G — 1 and
1 — G but the categories are not equivalent unless G is trivial.
EXAMPLES

@ Two monoids are equivalent if and only if they are isomorphic.

© Two ordered sets / and J are equivalent if and only if they are
isomorphic as ordered sets.

v

EXAMPLES

© There exists an equivalence of categories Maty ~ A-Mod™. In
particular, the later is essentially small.

© There exists an equivalence of categories 2 ~ Set=! where the
decoration means sets with at most one element. In particular, the
later is essentially finite (but not small).
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EXAMPLES

@ We have Ab ~ Z-Mod (this is even an equality).

@ We have G-Mod ~ Repy(G) ~ Z[G]-Mod and more generally
Rep,(G) ~ k[G]-Mod.

@ We have A-Op ~ A[X]-Mod.

v

EXAMPLES

@ We always have Set-G ~ G°P-Set and Mod-A ~ A°°’-Mod.

@ The map n— —nis an equivalence (Z, <) ~ (Z, >) (sending d" to
dy:=d " 1.

© The category 2°P is equivalent to 2.

@ The functor X — X°P is an autoequivalence of Mon, Rng or Cat
which is its own (quasi-) inverse. This is a symmetry.

.

The flip functor C x ¢’ — C’ x C is an equivalence (a symmetry again).
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LOCALIZATION

Let C be a metacategory and S a collection of morphisms of C. Then,
there exists, up to equivalence, a unique metacategory C[S™!], together
with a metafunctor @ : C — C[S™!], such that

@ The metafunctor Q sends morphisms of S to isomorphisms in C[S™1].

@ If a metafunctor F : C — D sends morphisms of S to isomorphisms in
D, it will factor through Q.

@ The metafunctor @1 : Hom(C[S~!],D) — Hom(C, D) is fully
faithful for any metacategory D.

The metacategory C[S™!] is then called the localization of C with respect
to S. When C is a small category, so is C[S™]. However, it is not always
true that C[S™1] is a category when C is a category: the collection of all
morphisms between two objects of C[S™!] do not necessarily make a set.
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EXAMPLE

A category C admits right calculus of fractions with respect to a
subcategory S if
Q Givenany f: X = Y inCand ¢: Y — Y in S, there always exists
X' — Y and ¢ : X' = X in Swith pof' ' =fo¢.
Q Givenany f,g: X =Y inCand ¢: Y — Y in S such that
pof =pog, there exists ¢’ : X’ — X in S such that foyp/ = go '
Then, we may see C[S™!] as the (a priori only meta-) category having the
same objects as C with morphisms and composition described, up to
equivalence, by the following diagram

X/l
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Section 3

UNIVERSAL CONSTRUCTIONS
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DIAGRAM

Let C be category. Recall that when [/ is a small category, the functors
from I to C form a category Hom(/,C) also denoted by C'.

Q@ C'~1, C ~Cand C? ~ Mor(C).
@ If G is a monoid, then Set® ~ G-Set.

An object D of C! is also called a (commutative) diagram on [in C. A
codiagram on [ is a diagram on [°P.

EXAMPLES

@ A diagram on the ordered set Z is given by a family of objects X" and
morphisms d” : X" — X"+1,

@ A diagram (resp. codiagram) on the simplex category A is called a
cosimplicial (resp. simplicial) object of C.

© A° is a cosimplicial topological space.

v
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Giving a diagram on / in C amounts to giving a family (X;);c; in C and for
each non trivial u: i — j, a morphism f, : Xj — X; such that

Vv :j— k,fuou=1f 0f,.

And a morphism of diagrams (X, f,) — (Yi, gu) is given by morphisms
hi : Xi — Y; satisfying for all u: i — j, goo h;j = hjof,.

EXAMPLES
@ A diagram on a directed set (/, <), is defined by a family {X;};c; of
objects of C and whenever i < j, a morphism X; — X such that
whenever i < j < k, the map X; — Xj is exactly the composite of
X;—>)<j ande—>Xk.
© A diagram on a set / is given by a family of elements of C indexed by
l.

© A simplicial object is given by a family of objects X,,, face morphisms
dn,i : Xn — Xp—1 and degeneracy morphisms s, ; : X, — X411
satisfying explicit commutation rules.

v
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If /'is a small category, any functor F : C — C’ extends by composition to
a functor F/: ¢! — ¢’

If C is a category, any functor X\ : | — J between small categories will
induce by composition a functor A~! : C/ — €' on diagrams.

EXAMPLES

@ The unique functor / — 1 will induce the constant diagram functor
C~Cl = X=X

© There exists two functors 1 — 2 and they will induce the domain and
codomain functors Dom, Cod : Mor(C) — C.

© By composition, if X is any topological space, we may consider the
simplicial set Se(X) = hx o A® so that S,(X) = Homeont (A", X).

@ By composition again, if X is any topological space, we may consider
the simplicial and cosimplicial groups

Co(X) :=ZS,(X) and C*(X) :=27>X),
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LIMIT AND COLIMIT

If / is a small category, we saw that there exists a functor
C—C'. X—X

sending X € C to the constant diagram X given by X; = X and f, = ldx.

A commutative diagram D on / in C has an (inverse) limit I|<.m D if there
exists a natural isomorphism

Homi(X, D) ~ Home(X, lim D).

The limit of a diagram D in C°P is called a colimit (or direct limit) and
written ILn_q> D. It is therefore characterized by a natural isomorphism

Homc(li_m> D,Y) ~ Hom.(D,Y).
A limit or a colimit is said to be finite if I is a finite category.
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DESCRIPTION

A diagram (X, f,) has a limit X if and only if there exists morphisms
pi: X — X;in C for all i € I such that

Yuii—j.fy o pi = pj,

and such that whenever we are given morphisms g; : Y — X; in C for all
i € I such that

Vu:i—j,f,og =g,

then there exists a unique morphism g : Y — X such that for all i € I, we
have g; = p; o g (and dual):
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FINAL/INITIAL OBJECT

A limit on the empty category in C is a final object 1 of C:
Given X € C, there exists a unique morphism X — 1.
The dual notion is that of initial object 0.

EXAMPLES

Q@ Set and Top: a final object is a one element set, such as 1 := {0},
and () is the only initial object.

© Mon, Gr, Ab or A-Mod: final object = initial object = 1.

© k-Alg or k-CAlg: final object = 1 and initial object = k.

@ Sch: initial object = () and final object = SpecZ.

@ (/,<): the final (resp. initial) object is the biggest (resp. smallest)
element if it exists.

O X is the final object of a slice category C,x.

@ If C has a final object 1, then C/; ~C.

v
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PRODUCT/COPRODUCT

A limit of a family {X;};c/ is a product X := [, X; of the Xj's:
there exists projections p; : X — Xj, such that

Vgi: Y = Xi,iel, g Y —=>X, Vielpog=g.
The dual notion is that of coproduct (or sum) [[; X;.

EXAMPLES
@ Set: product si cartesian product and coproduct is disjoint union.

© Top: same with appropriate topology.

© In Sch, the product is not the cartesian product and in Var , it is
the cartesian product but not with the product topology.

@ A-Mod: product is cartesian product and coproduct is direct sum.
@ k-Alg: product is cartesian product and coproduct is tensor product.

@ (/,<): the product (resp. coproduct) is the greatest lower bound
(resp. least upper bound) if it exists.

v
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FIBERED PRODUCT/COPRODUCT

A limit of two morphisms f; : X1 — Y and f, : Xo — Y is a fibered
product X3 Xy Xp: there exists two projections p; : X — X1, po : X = X5
such that fy o py = L 0 po and

vglZZ—)Xl,g2ZZ—>X2,f10g1:f20g2=>

Jlg:Z—=X,g1=p1og et g@=prog.
We also say that the square

X P x,

lp2 ifl
f

Xo ——=Y
is a cartesian diagram or that X is the pull back of X; along f;.
The dual notions are fibered coproduct Xj [Ty Xz, cocartesian diagram
and pushout.
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EXAMPLES

@ The fibered product of

f12X1—)Y,f22X2—>Y

in many concrete categories such as Set, Top, Mon, or A-Mod, or

k-Alg, is

{(x1,x2) € X1 x Xa, fi(x1) = ha(x2)}

with the induced structure.

@ Also, if Z C Y, then there exists a cartesian diagram

© The fibered coproduct of two morphisms of rings f : A — B and

f~1(Z2)——=X

Ll

——=Y.

g : A — C is their tensor product B®x C.

v
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KERNEL/COKERNEL

A limit of a pair of morphisms fi,f, : X — Y is a kernel (or equalizer)
Z = ker(f,g):

there exists a morphism i : Z — X such that foi=f, o/ and
Vg: T —-X,og=hog=3h: T —>Z,g=ioh
We also say that the diagram

fi
L—X_ZY

—_—

f

is (left) exact.

The dual notions are that of cokernel (or coequalizer) Z := coker(f, g)
and (right) exact diagram
fi
X—ZY——"Z.

f
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EXAMPLES

@ Set: the kernel of f,g: E — F is
{x e E f(x) = g(x)}

and the cokernel is the quotient of F by the smallest equivalence
relation such that f(x) ~ g(x) whenever x € E.

@ Top: same with appropriate topology.
@ A-Mod: ker(f,g) = ker(g — f) and

coker(f,g) = N/im(g — f).
@ Gr: Given f,g: G — H,
ker(f, g) = {x € G, f(x)g(x)"" =1}

and coker(f, g) is the quotient of H by the normal subgroup
generated by {f(x)g(x)~!,x € G}.

v
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EXAMPLES

@ An empty product is the same thing as a final object (and dual).

@ If 1 is a final object, then a product X X Y is the same thing as a
fibered product X x3 Y (and dual).

© Assume that we are given f; : Xy — Y and f : X, — Y and that
X1 X Xy exists. Then, if the kernel of f; o p; and f; o p exists, it is a
fibred product of f; and £, (and dual).

@ Assume that we are given fi,f» : X — Y and that Y x Y exists.
Then, if the fibered product of

X
(fi,f)

Y——Y XY

exists, it is a kernel of f1 and £, (and dual).
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Assume X' := []; X; and X" :=T],,;,; X; exist. Let p,f : X’ — X" be the
morphisms induced respectively by the pJ’-s and the f, o p;’s. Then, if the
kernel of p and f exist, this is a limit for (X;, f,). )
Q If all kernels and (finite) products exist in C, then all (finite) limits
exist in C (and dual).

© If there exists a final object and all fibered products exist in C, then
all finite limits exist in C (and dual).

V.
/ \

EXAMPLES

@ All limits and colimits exist in Set, Top, Mon, Gr, Ab, A-Mod, Rng,
CRng, k-Alg and k-CAlg.

@ Only finite limits and colimits exist in FSet or FGr.
© All finite limits and coproducts exist in Sch, Var, or An.

@ Not all limits or colimits exist in Sch, Vary or An.

v
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MONOMORPHISM /EPIMORPHISM

A monomorphism ¢ : X < Y is a morphism such that the diagram

Idx

X —

X
IdX ib
Y

X —ts

is cartesian. We might also say that X (endowed with ¢) is a subobject of
Y. It means that

Vf,g:Z—> X, tof=10g=>"f=g.

An epimorphism 7 : X — Y in C is a monomorphism of C°? and we might
also say that Y (endowed with 7) is a quotient of X.
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EXAMPLES

O Set, Top, Gr, Ab, A-Mod: A morphism is a monomorphism (resp.
an epimorphism) if and only if it is injective (resp. surjective).

@ Mon, Rng, CRng, k-Alg, k-CAlg : A monomorphism is an injective
map. However, the inclusion map Z < Q is a bimorphism (both a
monomorphism and an epimorphism) but it is not surjective.

@ In Sch, the inclusion of the disjoint union of the closed points into the
affine line Spec k[ T] is an bimorphism which is not surjective. And
Spec k — Spec k[ T]/ T2 is bijective but this is not an epimorphism.

v

If a morphism has a retraction, then it is necessarily a monomorphism (and
dual) - but the converse is not true.

If F is faithful and F(f) is a monomorphism, then f also (and dual).

As a consequence, in a concrete category, any injective map is a
monomorphism (and dual).
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ALGEBRAIC STRUCTURE

Assume that C has finite products.
A monoid of C is a triple made of an object G, a (multiplication) morphism

i: GxG— G and a (unit) morphism € : 1 — G, subject to the conditions

(uxId)ou=(dxpu)opu and po(ldxe)=po(exId)=Id.

A morphism of monoids of C is a morphism in C that commutes both with
multiplications and units. This defines a new category Mon(C) of monoids
of C.

One can define the categories of groups, abelian groups, rings or

commutative rings of C along the same lines (but not the categories of
fields).

Of course, when C = Set, we recover the usual categories of monoids,
groups, etc.
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A (left) action of a monoid G of C on an object X of C is a morphism
a: G x X — X satisfying

ao(pxldx)=ao(ldx x ) and «ao(exldx)=Idx.

We obtain the category of G-C of objects of C endowed with an action of
G as well as the category Act(C) of objects with an action of an
unspecified monoid.

One can define along the same lines the category of A-modules (resp.
k-algebras) of C as well as the category of modules (resp. algebras) of C.

An algebraic theory P is a small category with products and the algebraic
category of type P is the category of all diagrams on P that preserve
products.

Then the categories Mon(C), Gr(C), Ab(C), Rng(C), CRng(C), Act(C),
Mod(C) and Alg(C) will be algebraic.

Moreover, the category G-C (resp. A-Mod, k-Alg), will be a fiber of the
forgetful functor Act(C) — Mon(C) (resp. Mod(C) — Rng(C),
Alg(C) — CRng(C)).
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EXAMPLES

@ We have TGr = Gr(Top) and G-Mod = Ab(G-Set).

@ If G is a topological group, then G-Top is the category of topological
spaces endowed with a continuous action of G.

@ The category of algebraic (resp. analytic) groups over k is exactly
Gr(Vary) (resp. Gr(An)).

@ The category of group schemes is exactly Gr(Sch).

@ In k-Alg we may define a coring structure on k[T] with addition
given by
T—1®@T+T®l and T ~—0,

and multiplication given by
T—T®T and T~ 1.

@ If X is a scheme, an algebraic variety or an analytic variety, we can
consider the category of sheaves of Ox-modules on X (more on this
later).
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PRESERVATION OF LIMIT/COLIMIT

A functor F : C — C’ preserves limits on [ if whenever a commutative
diagram D on / has a limit in C, then F/(D) has a limit in C’ and

lim F(D) = F(ljim D).

It is said to preserve colimits if F°P preserves limits. It is called a left exact
functor (resp. right exact functor, exact functor) if it preserves all finite
limits (resp. finite colimits, finite limits and colimits).

THEOREM

Q If all kernels and products (resp. finite products) exist in C and are
preserved by F : C — C’, then F preserves all limits (resp. F is left
exact) (and dual).

© IfC has a final object which is preserved by F and all finite fibered
products exist in C and are preserved by F, then F is left exact (and
dual).

v
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EXAMPLES

@ The forgetful functors Top — Set or A-Mod — Ab, the embedding
Mon < Gr as well as scalar restriction B-Mod — A-Mod, preserve
limits and colimits.

© The forgetful functors Gr — Set, Rng — Ab. .., the embeddings
Ab — Gr or CRng < Rng, the functor X +— X3¢ the functor
G — G*, scalar evaluation and the functors N — Homa(M, N)
preserve limits.

© The functor E — EY¢ scalar extension, the functor E — AE,

E — NE, G — A[G] or E — A[NE], the functors G —+ G*" and
G +— G[G™1], and the functors N — M @4 N, preserve colimits.

@ If a category C admits right calculus of fractions with respect to S,

then the localization functor Q : C — C[S™!] is left exact.

@ The contravariant functors M — Homa(M, N) turn colimits into
limits.

@ The contravariant functors Spec : CRng — Sch and X — I'(X, Ox)
turn colimits into limits.
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EXAMPLES

@ The functor
h* :C — Set, Y — Hom(X,Y)
preserves all limits (and hx turns colimits into limits).

© We have equivalences (C')? ~ C'*/ ~ (€7)! and it follows that limits
preserve limits (and dual): whenever this has a meaning, we have

lim lim Xj; = lim lim I|m Xj and lim Xj; = (Ii<_mX,-J> (and dual).
J o I I I F
@ If F:C — (' is left exact, it preserves monomorphisms (and dual).

@ Filtering colimits are exact on Set, Top, Mon, etc. and preserved by
the forgetful functors Top — Set, Mon — Set, etc.

© The functor Set,y — Set,x,Z — Z Xy X preserves colimits.

We call a category / filtering if given any i,j € [ there exists i — k and
j — k, and given and any u, v : i — j, there exists w : j — k.
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A left exact functor preserves any kind of algebraic structure and in
particular, monoid, group, abelian group, ring, commutative ring, object
with action, module or algebra.

EXAMPLE

@ The underlying set of a topological, algebraic or analytic group has a
group structure but this is not true for a group scheme.

@ If G is a usual monoid, group. .., then both Gdisc apnd Geoarse gre
topological monoids, groups. . .

@ If G is an algebraic monoid, group...over C, then G®" is an analytic
monoid, group. . .

@ The coring structure on the ring Z[T] (resp. the k-algebra k[t])

defines a ring structure on the scheme Al := SpecZ[T] (resp. the
algebraic variety Al).

Note that E — E4¢ is exact but does not preserve infinite limits in
general (since the profinite topology is not the discrete topology). Note

also that the functor X — X" is left exact.
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REPRESENTABLE FUNCTOR

A functor F : C — Set is said to be representable by X € C if it is naturally
isomorphic to hX. It means that there exists a natural isomorphism

F(Y) ~ Hom¢(X,Y).

And a contravariant functor F is representable by X if and only if is
naturally isomorphic to hx.

A diagram D on [ has a limit Igﬂ D if and only if the functor

X — Homei(X, D)

is representable by lim D (and dual).
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@ The forgetful functor from Mon, Gr, G-Set or A-Mod to Set is
representable by N, Z, G or A respectively.

© The forgetful functor from Rng and k-Alg to Set are representable
by Z[T] and k[T] respectively.

© The forgetful functor Top — Set is representable by 1 = {0}.

©

The forgetful functor from FGr — FSet is not representable.
@ If G is a monoid and S C G, then G[S™!] represents the functor

Hs {f:G— H,f(S)C H*}.

@ If M (resp. N) is a right (resp. left) A-module, then M ®4 N
represents the functor

P — Bila((M, N), P).
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YONEDA’S LEMMA

If F: C — Set is any functor and X € C, then there exists a bijection

~

Hom(hX, F) F(X)

at———s = ax(ldx.)

The inverse is given as follows: to any s € F(X), one associates the
natural transformation o : hX — F defined by

ay : FX(Y) = F(Y),f — F(f)(s)
for Y € C.

Recall that « is an isomorphism if and only if for all Y € C, ay is
bijective. It means that

Vte F(Y),3lf: X = Y, F(f)(s) = t.
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It follows that F is representable by X if and only if
ds € F(X),YY eC,Vt € F(Y),3f : X = Y, F(f)(s) =t.

We will also say that X, endowed with s, is universal for t € F(Y) in C.

EXAMPLES

@ If D is a diagram in C, then I@ D is universal for morphisms X — D
(and dual).

© The group Z, endowed with 1, is universal for elements of G.
© G[S~ 1] is universal for morphisms f : G — H with f(S) C H*.
@ M ®a N is universal for bilinear maps M x N — P.

@ The algebraic closure of a field is not universal.

v

Note that if X and X’ both represent F through s and s’ respectively, then
there exists a unique isomorphism f : X ~ X’ such that F(f)(s) =5’
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IMAGE /COIMAGE

The image of a morphism f : X — Y is a subobject Imf < Y which is

universal among all subobjects Y’ of Y such that f factors through Y.
The coimage of f is the image of f in C°P.

If kernels and finite coproducts exist in C, so do images and we have
Imf=ker(Y—=Y]IxY) (and dual).

When both image and coimage exist, then there exists a natural morphism
coimf — imf. And f is said to be strict if this is an isomorphism.

@ Any morphism in Set, in Gr or in A-Mod is strict (In Gr, this is the
classical isomorphism G/ ker f >~ im f).

@ In Top, image and coimage have the same underlying set with
quotient and induced topology respectively.
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ADJOINT FUNCTOR

A functor F : C — C’ is adjoint (on the left) to a functor G : C' — C if
there exists a natural isomorphism:

Home: (F(X), Y) =~ Home(X, G(Y)).
The functor G is then coadjoint (or adjoint on the right) to F: it means
that G°P is adjoint to F°P.

Of course, if F is adjoint to both G and G, then G and G’ are necessarily
isomorphic (and dual).

If Fis adjoint to G, then the image of Idg(x) under the isomorphism
Home: (F(X), F(X)) ~ Home (X, G(F(X))

is called the adjunction morphism ax : X — G(F(X)). The coadjunction
morphism By : F(G(Y)) — Y is (the dual to) the adjunction morphism
associated to G°P.
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THEOREM

A functor F : C — C' is adjoint to G : C' — C if and only if there exists
a:ldc— GoF et [:FoG — lde

such that the composite

Fr roGoF % F and

G%GOFOGGLB))G

are the identities of F and G respectively. Then, v and 3 are the
adjunction and coadjunction morphisms.

Moreover, the functor F is faithful (resp. fully faithful) if and only if o is a
monomorphism (resp. an isomorphism) (and dual).

4

An adjoint to a forgetful functor is usually called a free functor.
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EXAMPLES

Most forgetful functors and embeddings have an adjoint:

Homa(AE, M) ~ Hom(E, M), Hommon(NE, G) ~ Hom(E, G),

Homgng(Z[G], A) =~ Hommon(G, A), Homap(G?, H) =~ Homg,(G, H),

v

@ The tensor algebra functor M — T(M) := @, Q) M is a free
functor from k-modules to (graded) k-algebras.

@ The symmetric algebra functor M — S(M) := T(M)*°™ is a free
functor from k-modules to commutative (graded) k-algebras.

@ The exterior algebra functor M — A(M) := T(M)/({m & m}mem) is

a free functor from k-modules to supercommutative (and also
skew-commutative graded) k-algebras.

T —— T —— T — e —
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EXAMPLES

Some forgetful functors and embeddings have both an adjoint and a
coadjoint:
@ We have _
Homop(E4°, X) =~ Hom(E, X)
and Hom(X, E) ~ Homygp(X, E€®*"™).
© We have
Homp(B ®a M, N) ~ Homa(M, N)
and Homa(M, N) ~ Homg(M, Homa(B, N)).
© We have
Homg,(G[G 1], H) ~ Hommon(G, H)
and Hompmen(G, H) =~ Homg, (G, H).

v

Bernard Le Stum (Université de Rennes 1) Cohomology and sheaves February 23, 2017 82 / 161



EXAMPLES

© The contravariant functor M — M is coadjoint to itself (or more
precisely to its categorical dual):

Homa(M, N) ~ Homa(N, M).
© We also have the contravariant adjointness:

Homsch (X, Spec A) ~ Homcrng (A, T'(X, Ox)).

V.

EXAMPLES

@ The adjunction between x and Hom in Set:

Hom(E x F, G) ~ Hom(E,Hom(F, G)).

© The adjunction between ® and Hom in A-Mod:

Homap(M @4 N, P) >~ Homa(M, Homa(N, P)).

v
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KAN EXTENSION THEOREMS

THEOREM

Let C be a category and | a small category. Then the functor
X — X,C — C' has a coadjoint if and only all limits on | exist in C; the
coadjoint is then given by D — |im D (and dual).

THEOREM

A functor F : C — C' has a coadjoint G if and only if, for all Y € C’, the
functor X — Hom(F(X), Y) is representable; it is then represented by
G(Y) (and dual).

THEOREM

If a functor G : C' — C has an adjoint, then G preserves all limits; and the
converse si true if all limits exist in C and G satisfies Freyd's condition
(and dual).

\

Bernard Le Stum (Université de Rennes 1) Cohomology and sheaves February 23, 2017 84 / 161



Section 4

SITES AND TOPOS
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WARNING 2

If C and D are two categories, then the functors F : C — D are the objects
of the metacategory Hom(C, D) but they do not make a category in
general. This is the case however when C is small. But then, the new
category Hom(C, D) is not small in general, and the process cannot be
iterated.

A solution to this problem is to start working in a given universe and then
enlarge it when needed.

Also, for classical sheaf theory, one only needs to consider functors defined
on small categories and there is no problem.

But we may again think that set theory is not suitable to do category or
topos theory and forget about it. .. However, we must be more careful than
ever.

From now on, we will apply to metacategories most of the vocabulary and
notations introduced for categories.
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PRESHEAF

A presheaf on a category C with values in a category D is a contravariant
functor T : C — D. A morphism of presheaves is a natural transformation
between them. The metacategory of pre sheaves is thus Hom(C°P, D).

EXAMPLES

@ For E € D, we may consider the constant presheaf still denoted by E
that sends any X to E and any f to Idg.

@ If X € C, we may consider the representable presheaf of sets on C:

~

X :=hx : Y~ Hom(Y,X).

Any functor D — D’ will induce by composition a functor
Hom(C°?, D) — Hom(C°?, D').

When D is a concrete category and we consider the forgetful functor, we
obtain the underlying presheaf of sets.
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EXAMPLES

@ A presheaf on a small category is the same thing as a codiagram.

@ A presheaf on an ordered set (/, <) is given by a family T (i) of
elements of /, together with a compatible family of “restriction”
morphisms T(j) — T(i) for i < j.

@ If X is a topological space, giving a presheaf T on Open(X) (also
called a presheaf on X) is equivalent to giving

@ an object T(U) for any open subset U of X, and
© compatible restriction morphisms

VU CU, TU)—= T, s s

@ Giving a presheaf on the category Top is equivalent to giving
@ a presheaf Tx (its realization) on each topological space X, and

© a compatible family of morphisms Tx — £, Ty for all continuous map
f:Y — X, where f, Ty is the presheaf defined by

£ Ty(U) = Ty(F71(U)).
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PRESHEAF OF SETS

If C is a category, we denote by
C := Hom(C°?, Set)

the metacategory of presheaves of sets on C.

© We have 0 =1 and 1 = Set.

@ If G is a monoid, then G = Set-G.

@ If AS! denotes the category of simplices of degree at most one, then
A<l is the category of small quivers.

@ The category of small graphs is the category of presheaves on the
category { 0=——1 }.

—

@ If X is a topological space, then Open(X) is the usual category of
presheaves on X.

o fo\p is a metacategory which is not a category.

v
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YONEDA’S EMBEDDING

In a category C, we can rewrite Yoneda's lemma (contravariant version) as
VX € C,¥T € C, T(X) ~ Hom(X, T).
In other words, morphisms p : X T correspond bijectively to section
s e T(X).
As a corollary, we see that there exists a fully faithful functor called the
Yoneda embedding:
C—C, X X (= hx).

EXAMPLE
If C = Open(X), then Yoneda's embedding identifies an open subset U of
X with the presheaf (essentially with values in the category 2):

o~ 1 /
U:U’»—>{1 if U cU

0 otherwise.
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Yoneda's embedding preserves all limits but not colimits in general.

Notation: if {X;};c/ is a diagram of monomorphisms in a category C which
is indexed by an ordered set, we will write NX; := LiLnX; and UX; := Ii_)mX,-,
and call them respectively the intersection and the union of the X;'s.

EXAMPLE

We let C = Open(X) where X is a topological space.
© We have () # 0 unless X is empty since 0(0) = {0}3 # 30 = 0(0).

@ If X = UU; is an open covering, we can also consider the subobject

Ul U s 1 ifdiel,U cUy;
t 0 otherwise,

of X which is different from X in general.

It is also important to notice that, since Yoneda's embedding is left exact,
it preserves any kind of algebraic structure.
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GENERALIZED SLICE CATEGORY

If T is a presheaf of sets on a category C, we may consider the slice
category C,1 defined as follows: an object of C, is a pair made of an
object X of C and a section s € T(X). A morphism in C,7 is a morphism
f: X — X"in C such that T(f)(s') =s.

Note that, if we are given a morphism of presheaves T — T, there exists
an obvious restriction functor C;7 — C/ 7.

And Yoneda's lemma states that there exists a fully faithful functor
C/r ‘—>CA/T, (X,s)—p: X=T.

Moreover, if X € C, we also have an equivalence C,x ~ C/)A(

Finally, one can check that we also have an equivalence C/-,— o~ é/T and in

particular C/X ~ C/Q
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LIMIT/COLIMIT OF PRESHEAVES

If C is any category and X € C, then the global section functor
C — Set, T — (X, T):= T(X)

preserves all limits and colimits. As a consequence, we obtain:

All limits and colimits exist in C and are computed argument by argument.

@ A morphism T — T’ is a monomorphism (resp. an epimorphism) in C
if and only if all T(X) — T’(X) are injective (resp. surjective).

Q If o: T — T'is any morphism, then im ¢ exists in C and we have for
all X € C, (imp)(X) = Impx (and dual).
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ALGEBRAIC PRESHEAF

Since the global section functor is left exact, if G is a monoid of C and
X € C, then G(X) is a usual monoid and G lifts to a presheaf of monoids.
Conversely, if G is a presheaf of monoids, then the family of maps

ux : G(X) x G(X) = G(X) and ex:0— G(X)

define a monoid structure on the underlying presheaf of sets of G. In other

words, we have an equivalence Mon(C) ~ Hom(C°?, Mon).

More generally, the category of presheaves of monoids (resp. groups,
abelian groups, rings, commutative rings, sets with action, modules,
algebras) is equivalent to the category of monoids (resp. groups, abelian

groups, rings, commutative rings, objects with action, modules, algebras)
of C.

Also, since the Yoneda embedding is fully faithful and left exact, giving an
algebraic structure on an object X of C is equivalent to extending the
presheaf of sets X to an algebraic presheaf.
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The presheaf of rings X — (X, Ox) is represented by Al in Sch (or A}
in Var/k) with the ring structure obtained from the coring structure of
Z[T] (resp. k[T]).

Also, let G be a presheaf of monoids on a category C. Then, giving an
action of G on a presheaf of sets T is equivalent to giving an action of
G(X) on T(X) for all X in C making commutative the diagram

G(Y)x T(Y)——=T(Y)

|

G(X) x T(X) ——= T(X)

whenever f : X — Y is a morphism in C.

We have analogous assertion for modules or algebras.
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FUNCTORIALITY

If g : C — C' is any functor, then the functor

¢ —C, T — =T og

has both an adjoint gy and a coadjoint gi.

As a consequence, the functor g~ preserves all limits and colimits, gi
preserves all colimits and and a g, preserves all limits. In particular, that
both g~1 and g. preserve algebraic structures. Note also that we can

recover g from the equality g(X) = g!)A(.

Any X € C may be seen as a functor X : 1 — C giving rise to

C—1=Set, T —T(X,T).
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EXAMPLE

If f:Y — X is a continuous map, it induces a functor
(g=) f!:0Open(X)— Open(Y),

and by composition, a functor

P o — o —

(=) 7 : Open(Y) — Open(X),

that has adjoint and coadjoint

—

@=)F" and (g =)F :Open(X)— Open(Y).
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EXAMPLE (CONTINUING)

Explicitly, the functors f., its adjoint =1 and its coadjoint ' are given by

~

f(T)(U) = T(FH(V)),

FT(V)= lim  T(U) and
vcr—1(U)
f(TY(V)=  lim T(U)

f~1U)cV

— ~

so that now f—1(X) = F~1(X).
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TOPOLOGY

Let C be a category. A sieve of X € C is a subobject of X. Alternatively,
this is a collection of morphisms f : Y — X stable by composition on the
left (the correspondence is given by R+ C/g and R := Ulm f).

Given R C X and f: Y — X , we can define a sieve of Y by
fY(R)(Z) :={se€ Y(Z),fos e R(Z)}.

A topology on C is a collection of sets Cov(X) of sieves of the objects X
of C, called covering sieves, such that we always have:

Q0 X € Cov(X).

© If R € Cov(X) and f : Y — X is any map, then f~1(R) € Cov(Y).

@ Let R be a sieve of X. Assume that there exists S € Cov(X) such
that whenever f : Y — X belongs to S(Y), then f1(R) € Cov(Y).
Then R € Cov(X).
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A site is a category C endowed with a topology. It is said to be small if the
category C is small.

EXAMPLES

@ We turn Open(X) into a small site by calling a sieve R C U a
covering if
{U' € Open(X), R(U") +#0}

is a set theoretic covering of U.

© A presheaf R C X will be a covering sieve in the (big) site Top if

{U € Open(X), R(U) # 0}

is a (set theoretic) covering of X.

The various topologies on a category C are ordered by inclusion from
coarse (only X covers X) to discrete (any R covers X). Any intersection
of topologies is a topology and it follows that any family of sieves
generates a topology.
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PRETOPOLOGY

A pretopology on a category C is a set of families {X; — X} called
covering families such that

Q@ {ldx : X — X} is a covering family,

Q if {X; — X} is a covering family and f : Y — X is any morphism,
then {Xi xx Y — Y} (exists and) is a covering family,

@ if {Xi = X} is a covering family and for each i, {Xjj — X;} is also a
covering family, then {Xjj — X} is a covering family.

A sieve R C X is a covering sieve for this pretopology if there exists a
covering family {f; : X; — X}/ such that U Imf; C R. They define a
topology on C. Conversely, if C is a site with fibered products, the set of
all families {f; : X; — X};e; such that U Im?,- is a covering sieve of X, is a
pretopology that induces the topology of C.

Usual open coverings define the above topology on a topological space. \
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EXAMPLES

@ On the category Sch, we can consider the following (pre-) topology:
@ Zariski topology: A covering family is a family of open immersions
f,- : X; = X such that X = Uf;(X;).
© Etale topology: A covering family is a family of étale maps f; : X; — X
such that X = Uf;(X;).
® Flat topology: A covering family is a family of flat maps f; : X; — X
such that X = Uf(X;) (with a finiteness condition).
Of course, the flat topology is finer than the étale topology which is
itself finer than the Zariski topology. Actually, the étale (resp. flat)
topology is generated by the Zariski topology and the surjective étale
(resp. surjective flat) quasi-compact maps.
@ Alternatively, given a scheme X, one may consider the category
Et(X) = Sch‘;tx of all étale maps Y — X and the étale pretopology.
This is a site quite analogous to Open(X).

@ Of course, we have analogous constructions in Var, or An.
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EXAMPLES

@ We denote by Inf := Mor(Sch)™! the category of nilpotent
immersions of schemes X < T. A covering family is made of
cartesian squares

X{——T;

|

X——T

where {T;}ic/ is a Zariski open covering of T. This is the big
infinitesimal site.

© Alternatively, given a scheme X over S, one may consider the small
infinitesimal site Inf(X/S) of all of all nilpotent immersions U — T
over S where U is an open subset of X, with the same pretopology.

© As usual, we can work as well with Var, or An.

@ In order to deal with positive characteristic problem, it might be
necessary to consider immersions endowed with a divided power
structure. This leads to the big and small crystalline sites.

v
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SHEAF OF SETS

A sheaf (of sets) on a site C is a presheaf F : C — Set such that, for all
covering sieve R of X, we have

F(X) = Hom(X, F) ~ Hom(R, F).
If the topology comes from a pretopology, this is equivalent to
F(X) ——1IL; F(Xi) == I1;; F(Xi xx X;)

being exact for any covering family.

If E is a set, the presheaf Ex defined on a topological space X by

Ex : U~ Homop(U, E¥9)

is a sheaf satisfying Ex(U) = E when U is connected.

We denote by C C C the full subcategory of sheaves of sets on the site C.
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EXAMPLES

@ A sheaf on a topological space X is a presheaf F that satisfies: given
an open covering U = UU; of an open subset of X and a family of
si € F(Ui) such that (s;)y; = (sj)u;, there exists a unique s € F(U)
such that sju; = Si-

© A presheaf F on Top is a sheaf if and only for any topological space
X, the realization Fx of F is a sheaf on X.

@ For the coarse topology on a category C, any presheaf is a sheaf and
consequently C=C.

@ The only sheaf for the discrete topology on a category C is the
constant sheaf 0 and consequently Cc=1.

@ The canonical topology on a category C is the finest topology for
which any representable presheaf is a sheaf: in other word, a topology
is coarser than the canonical topology if and only if the Yoneda
embedding takes values into C (standard condition).

O If Cis a site and we endow C with its canonical topology, we have

c=C (note that C is only a metacategory in general).
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IfC is a site, the inclusion functor H : C — C as an adjoint T T which
is (also left) exact.

Thus, we have
VT eC,Fec, Hom(7',.7-") ~ Hom(T,F).
The adjoint is actually obtained by applying twice H with

H(T)(X)= lim Hom(R,T).
ReCov(X)

The sheaf T is called the sheaf associated to the presheaf T.

As a consequence, all limits and colimits exist in C and moreover, limits
are computed argument by argument (but not colimits).

The sheaf E associated to the constant presheaf E on a topological space
X is the constant sheaf Ex.
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TOoPOS

A (Grothendieck) topos T is a metacategory equivalent to some C where
C is a site. Equivalently, there exists a fully faithful embedding of 7 into C
with exact adjoint. Or equivalently again, 7 is an exact reflective (to be
defined) localization of C (with respect to local isomorphisms).

A topos is said to be small if there exists such a small C.

THEOREM (GIRAUD)

A category T is a small topos if and only if
@ There exists a set of generators,
@ All finite limits exist,
© All coproducts exist, are disjoint and are preserved by pull-back,

@ All Equivalence relations are effective and quotients are preserved by
pull-back.
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MORPHISM OF TOPOS

A morphism of topos f : T — T is a couple of functors
(f_l:’T’—>7', f;:T—>T’)

with with f~1 exact and adjoint to f,. We say that f is an embedding of
topos when £, is fully faithful.

@ Any functor g : C — C’ induces a morphism of topos g : C—C.

© If C is a site, there exists an obvious embedding of topos C—C.

Of course, one may compose morphisms of topos. And this is associative
with unit as usual. In other words, (morphisms of) topos form a
metacategory.

Also note that both f~! and f, preserve algebraic structures.
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MORPHISM OF SITES

If C and C’ are two sites, a functor f~1 : C — C' is said to be continuous if
the functor £, : T/ — T’ o f~! preserves sheaves. Then, the induced
functor f, : C’ — C will have an adjoint

1. C—=(

F——fY(F)
If this last functor is exact, then
fi=(f16):C=C

is a morphism of topos and we will also say that f : C' — C is a morphism
of sites. Note that we have f=1(X) = f~1(X).

A functor g : C' — C between two sites is said to be cocontinuous if g
preserves sheaves. Then, the induced functor g, : C’ — C extends uniquely

to a morphism of toposes g := (g1, g\) : C—C.
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EXAMPLES

Q If we endow two topos 7 and 7' with their canonical topology, a
morphism of sites f : 7/ — T is nothing but a morphism of topos.

© Let f~1:C — C' be a functor between two sites. Assume that C has
fibered products, and that f ! is left exact and preserves covering
families. Then f~! induces a morphism of sites f : C' — C.

@ If f: Y — X is a continuous map, the functor f~1 defines a morphism
of sites. If G is a sheaf on Y, we have for any open subset U of X,

£G(U) = G(F (V).
And if F is a sheaf on X, then f~1F is the sheaf associated to

Ve lim F(U).
fF(V)CU

N

Q@ Let g: C' — C be a functor between two sites. Assume that, given
any X’ € C/, any covering family of g(X’) is the image of a covering
family of X’. Then, g is cocontinuous.

Bern




INDUCED TOPOLOGY

If C' is a site, there always exists a finest topology on C making a functor
f~1:C — C’ continuous. It is called the induced topology.

For example, if C is asite and T € C, we may consider the forgetful
functor j1 : C/7 — C and endow C,7 with the induced topology.
Unfortunately, the adjoint jri is not left exact in general and we do not
get a morphism of sites. However, jT is also cocontinuous and we do
obtain a morphism of toposes

JjT: C/T — 5
Actually, it induces an equivalence C/A; ~ CN/?. Moreover, any morphism

T/ — T in C will induce a morphism of toposes
C/T’ HC/T

giving rise to a sequence of functors ji,j 1, j., each being adjoint to the
next. We will usually write F, 7/ = j71F.
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EXAMPLE

If X is a topological space, we may consider the big site Top x of all
topological spaces over X. The inclusion map

Open(X) — Top,x

is continuous, cocontinuous and left exact giving rise to two morphisms of
topos

Top, x —2 Open(X)

(3%
with px o ¥x = Id and px. = w)_(l. Any continuous map f : Y — X will

provide a commutative diagram of topos

Top,y —2*~ Open(Y)

Pk
'ﬁ););( —X, Open(X).

4
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EXAMPLE

Let X be any topological space. If F is a sheaf on Top/X and Y a
topological space over X, the realization of F on Y is

Fy = oy« F)y.
Any morphism f : Z — Y over S will induce a morphism
af f_lfy — Fz

between the realizations.

Giving the sheaf F on Top x is equivalent to giving the collection of all
Fy and the compatible morphisms ar. We will call F crystalline if all the
maps o are isomorphisms.

One can show that F is crystalline if and only if it is represented by a local
homeomorphism E — X (an espace étalé).

Moreover, realization F +— Fx induces an equivalence between crystalline
sheaves on Top,x and sheaves on X.

v
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EXAMPLE

If X — T is a nilpotent immersion of schemes, there exists a diagram

i Open(T).

Inf/X<—>T e
PYxsT

Now, assume that X is a scheme over S and Y < T is a nilpotent
immersion over X — S. Then, we can pull back a sheaf 7 on Inf x_,s
(where X — S is seen as a presheaf on Inf by restriction from Mor) along

j . Inf/y‘_;,- — II"If/X_>5

and push along ¢y.. 7 and we obtain the realization Fy.,1 of F on
Y — T. Giving F is equivalent to giving all Fy.,1 and the morphisms

.1
of U .ch_>T = FY’<—>T’

for all (f,u) : (Y — T') = (Y < T). We call F crystalline if all the
maps o are isomorphisms.

v
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LOCAL PROPERTY

Let P be be a property for sheaves. Then a sheaf F on C has locally the
property P if for any X in C, the set of all f : Y — X such F,y has the
property P “is" a covering sieve of X.

In terms of a pretopology, it means that for any X € C, there exists a
covering family {X; — X} such that Fx, has the property P (covering),
and that if F,x has the property P and Y — X is any morphism, then
Fy also has the property P (sieve).

A property P is said to be local if satisfying P locally is equivalent to
satisfying it globally.

A sheaf F is (finite) constant if there exists a (finite) set E such that
F ~ E. Thus, we may consider (finite) locally constant sheaves.
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EXAMPLES

@ If X is a connected, locally path-connected, semilocally
simply-connected topological space and x € X, then there exists an
equivalence of categories

—— 1

Open(X) - m1(X,x)-Set, F s Fyi=x1F

where Ic means locally constant.

@ If X is a connected, quasi-compact, quasi-separated scheme and
x € X, then there exists an equivalence of categories

——flc
Et(X) =~ ni'(X,%)-FSet, F— Fx =X 'F

where flc means finite locally constant and the right hand site denotes
the category of finite discrete sets with a continuous action of 7§t
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EXAMPLES

@ If X is any topological space, we let Et(X) be the category of local
homeomorphisms X’ — X (espaces étalés again). This is a topos.
And the obvious morphism of sites Et(X) — Open(X) induces an
isomorphism of topos

Et(X) ~ Open(X).

© Thanks to the implicit function theorem, if X is an algebraic variety
over C, there exists a morphism of sites Et(X*") — Et(X).

@ (Grauert-Remmert) This morphism of sites induces an equivalence
between finite topological coverings and and finite étale coverings.

@ As a consequence, there exists an equivalence

flc

—~——flc

Et(X) ~ Open(Xa®)

and it follows that 7§*(X, X) is the profinite completion of 71(X?", x).
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SHEAF OF MODULES

Let C be a site and D be a concrete category. Then a sheaf on C with
values in D is a presheaf with values in D whose underlying presheaf of
sets is a sheaf.

Again, we see that he category of monoids (resp. groups, abelian groups,
rings, commutative rings, objects with action, modules, algebras) of Cis
equivalent to the category sheaves of monoids (resp. groups, abelian
groups, rings, commutative rings, sets with action, modules, algebras).

Let A be a sheaf of rings on C. An A-module F is free of finite rank
(resp. of finite type, resp. finitely presented) if there exists an isomorphism
A" ~ F (resp. an epimorphism 7 : A" — F, resp. such an epimorphism
with ker 7 of finite type). We will be interested in modules that have
locally such a property.

An A-module F is coherent if it is locally of finite type and if for all
morphism f : A?X — F/x, we also have ker f locally of finite type.
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If A is a sheaf of rings on C and M and N are two .A-modules, their
internal hom is defined by

Hom4(M, N)(X) := Hom 4, (M)x, N)x).

This is an abelian sheaf, and even an A-module if A is commutative.
Actually,
Endg(M) = Homa(M, M)

is naturally a sheaf of rings, and even A-algebras if A is commutative.

If M is a left A-modules and A an abelian sheaf, then Homap(M,N)
has a natural structure of right A-module. Moreover, this functor has an
adjoint ® 4 called tensor product. More precisely, there exists a natural
isomorphism

HomAb(./\/l ®A N, 73) ~ ’HomA(M, HomAb(/\/, P))

when M is a right A-module, N is a left A-module and P is a abelian
sheaf. We may replace Ab with A-Mod when A is commutative.
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EXAMPLE

If X is a scheme over S (or a variety), then the diagonal embedding
X < X xg X is an immersion defined by a sheaf of ideals Z (on some open
subset of X xs X). The n-th infinitesimal neighborhood P, of X is the
subscheme defined by the ideal Z"*! (and the same underlying space as
X). We denote by P(n) the structural sheaf of P, and by D, the Ox-dual
of P(". The inverse system fo the P(" dualizes to a direct system and we
call D := UpenDy the sheaf of differential operators on X/S.

When X is smooth over S, then D has a structure of non commutative
ring defined as follows: the morphism

XXSXXSX—>X><5X

that forgets the middle term induces a morphism P, X x Ppn, — Ppym that
gives Prtm) s p(n) @ P(m) and finally D, x Dpy — Dptm-

We should also mention that Q! := ker (73(1) — OX> is the sheaf of
differential forms on X/S. And its dual T is the tangent sheaf.
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RINGED SITE

A ringed site is a pair (C, O) made of a site C and a ring O on C.

When X is a topological space and C = Open(X), then (X, Q) is called a
ringed space (and more generally with a Grothendieck topology).

A morphism of ringed sites
(C',0" - (C,0)

is a pair made of a morphism of sites f : C’ — C and a morphism of rings
=10 — O’ (or equivalently, O — £,O"). If ' is an O'-module, then £, F’
will have a natural structure of O-module. The induced functor has an
adjoint given by

Fis F*F =0 Q10 FLF.
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EXAMPLES

@ If Cis any site and A is a usual ring, we may consider the sheaf of
rings A¢ := A\ on C associated to the constant presheaf of rings A and
we obtain a ringed site (C,A¢).

© If C is any site, there exists an equivalence Ab(C) ~ Z¢-Mod.

@ If X is an algebraic variety over C and A is a usual ring, then there
exists an equivalence of categories

Axan-Mod™ =~ A x)-Mod™.

v

EXAMPLES

Q If Ais a usual ring, the sheaf of rings Atop is represented by N

© The presheaf X — (X, Ox) defines a sheaf of rings O on Sch for
the Zariski, étale or flat topology (represented by Al).

@ The presheaf (X < T)— I'(T,O7) defines a sheaf of rings Or,¢ on
the big infinitesimal site Inf.
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EXAMPLES

@ If X is a scheme (or a variety) and we still denote by X its underlying
topological space, then (X, Ox) is a ringed space.

@ The functor X — (X, Ox) is not fully faithful. It becomes so if we
replace the target by the subcategory of locally ringed spaces.

@ If X is an algebraic variety over C, there exists a natural morphism of
(locally) ringed spaces

(X*, Oxan) — (X, Ox).
@ (Serre) If X is proper, we have (GAGA)
Ox-Mod®" ~ Oxan-Mod™".

@ If X is a smooth analytic variety, there exists a (contravariant)
equivalence of categories

Sol := Homp, (Ox, —) : Dx-Mod? ! ~ Cx-Vec.

V.
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EXAMPLE

If X — S is a morphism of schemes and Y < T in Inf x_, 5, we know
that there exists a realization functor

|

Omt/x—s-Mod —— O71-Mod, Fiar— Fy.,T.
Giving F is equivalent to giving all Fy.,7's and the compatible family of
afy U FyoT = FyroT

for all (f,u): (Y < T') = (Y < T). We call F a crystal if all the maps
af , are isomorphisms (automatic if F is locally finitely presented).

The same definition works as well on the small infinitesimal site Inf(X/S)
and there exists a pair of morphisms of topos

Inf /x_,5 —> 7 Inf(X/S)

inducing an equivalence on crystals.

v
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EXAMPLES

@ If X is a scheme over S, we may consider the trivial nilpotent
immersion Idx : X < X and the nilpotent immersion X < P(" into
the n-th infinitesimal neighborhood P(") C X x s X. There exists two
obvious morphisms

p1,p2 s (X = PM) 5 (X — X).
Therefore, if F a crystal on X/S, there exists a natural morphism
Fx = P @ Fx = psFx = Fpm =~ piFx = Fx @ P,

If we assume that X is smooth over S, we obtain by duality a
morphism D, X Fx — Fx. This turns Fx into a D-module on X/S
and this is an equivalence.

@ If X is a smooth scheme over a Q-scheme S, then giving a
Dy /s-module structure on an Ox-module F is equivalent to an
integrable connection.

v
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EXAMPLE

If X is a scheme over S, a differential operator F — G is an Og-linear
map that factors through an Ox-linear map p5F — G with ps : P — X.
One defines in the same way a differential operator between
Olnf/x—sx-modules. Then the morphism

10 7 5~ Open(X)

induces an equivalence between crystals and Ox-modules, even with
differential operators as morphisms. Moreover, the functor

Inf x ,x — Inf x_s.

sends differential operators to Opy¢/x_,s-linear maps. The linearization of

an Ox-module F is L(F) := jxpxF. This defines an equivalence between

the category of Ox-modules with differential operators and the category of
crystals on the infinitesimal site.

v
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Section 5

ABELIAN CATEGORIES
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PRE-ADDITIVE CATEGORY

A pre-additive category (also called Ab-category) is a category C endowed
with a factorization of the Hom functor:

Set

~
~
~
~
~

~ Ab

CP xC

In other words, we require that for all M, N € C, Hom(M, N) is endowed
with the structure of an abelian group and that for all M, N, P € C,
composition
Hom(M, N) x Hom(N, P) —— Hom(M, P)
(f.8) gof

is bilinear. In particular, End(M) becomes a ring.
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@ The categories Ab, A-Mod, and more generally A-Mod if A is a
sheaf of rings, are pre-additive.

© The category Maty, is pre-additive.

© The category built on the multiplicative monoid of a ring A, is a
pre-additive category. Any pre-additive category with exactly one
object has this form.

@ The categories Set, Mon, Gr, Rng or CRng cannot be endowed with
the structure of a pre-additive category.

v

If C is a pre-additive category, we will actually consider the functor Hom as
a functor with values in Ab. Consequently, if M € C, we will also write

A .Cc - Ab and hy:C°° — Ab.

If C is a pre-additive category, then C°P also, and so does C' if / is a small
category.
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ADDITIVE FUNCTOR

A functor F : C — D between two pre-additive categories is additive if for
any M, N € C, the map

Hom(M, N) — Hom(F(M), F(N))

is a group homomorphism.

EXAMPLES

@ If C is any pre-additive category, then the functors hM and hy, are
additive.

© The composite of two additive functors is additive and F°P is additive
when F is.

@ If / is a small category and F is additive, then F/ is additive too.
If A is a sheaf of rings, the functors Hom 4 and ® 4 are additive.

o
Q If f:(C,0)— (C',0") is morphism of ringed sites, then both f, and
f* are additive.

v
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ZERO OBJECT AND DIRECT SUM

Let C be a pre-additive category.
An M € C is a zero object if End(M) =1 (meaning ldy = Op).
An M € C is a direct sum of two objects M; and M, (in which case we
write M = My @ M) if there exists
pk:M— My i, : M = M,k =1,2 such that

proir =Idpy, proir=Idy, and ipopy+iopy=Idy.
Both notions are autodual in the sense that the property is satisfied in C if
and only if it is satisfied in CP.

@ An M € C is a zero object if and only if it is a final object (and dual).

© An M € C is a direct sum of My and Mo if and only if it is a product
of My and M, with projections py and p, (and dual).
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ADDITIVE CATEGORY

An additive category is a pre-additive category with a zero object and all
direct sums. Equivalently, it means that all finite products or all finite
sums exist (and then they both exist and are equal). Moreover, it implies
that the factorization of Hom through Ab is unique.

@ The categories Ab, A-Mod and Mat, are additive.

@ If Ais a non-zero ring, the category A is not an additive category.

If C is an additive category then C°P is also an additive category, and so is
C!if I'is a small category.

A functor between two additive categories is additive if and only if it

preserves all direct sums and the zero object - or equivalently all finite
products (and dual).
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EXACT SEQUENCES

In an additive category C, the kernel of a morphism f: M — N is
ker f := ker(f,0) if it exists. And a sequence

0= M ML m
is said to be left exact if the sequence
f
M/ s M 4)%- M//
0
is left exact.

The cokernel coker f of f is the kernel of f in C°P (if it exists). A sequence
is right exact if it is left exact in C°P.

A short exact sequence is a sequence

0O—-M MM -0

which is exact both on the left and on the right.
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Left, right or short exact sequences form an additive category: this is a full
subcategory of the category of diagrams on the ordinal category 3 which is
stable under products.

A short exact sequence is said to split if it is isomorphic to
05— My —> My & Mo3 —2> My —> 0.

A short exact sequence

03 M~ M L 0
splits if and only if p has a section (and dual).

Finally, M is called an extension of M” by M’ (fiber category) is there
exists a short exact sequence

0O-M M= M —=0.

It is called a trivial extension if the sequence splits.

Bernard Le Stum (Université de Rennes 1) Cohomology and sheaves February 23, 2017 134 / 161



PRE-ABELIAN CATEGORY

A pre-abelian category is an additive category C where any morphism has
both a kernel and a cokernel. Equivalently, a pre-additive category C is
pre-abelian if and only if all finite limits and all finite colimits exist in C.

The categories Ab, A-Mod and Mat, are pre-abelian (for the last one,
notice for example that coker(2) = 0 in Maty)

If C is pre-abelian, so are C°P and C' if I is a small category.

Notation: when we are given a subobject N <— M, we will denote by
M — M/N the cokernel. Also, if f: M" — M is any morphism, we will
write f1(N) == N xy M’

In a pre-abelian category C, we have for any morphism f : M — N,

im f := ker coker f  (and dual).
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ABELIAN CATEGORY

An abelian category is a pre-abelian category satisfying one of the
following equivalent properties:

@ Every monomorphism is a kernel, and dual.

@ If N — M is a monomorphism, then N is the kernel of M — M/N,
and dual.

© Any morphism f : M — N factors uniquely up to isomorphism as an
epimorphism followed by a monomorphism.

@ Any morphism f : M — N is strict (coim f ~ im &f).

@ The category .A-Mod is abelian.

@ The category Maty is not abelian because 2 is a monomorphism
which is not a kernel.

If C is an abelian category, then C°P is also an abelian category, as well as

C!if I'is a small category.
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THEOREM

If a functor F between two additive categories is adjoint to a functor G,
then both functors are additive and there exists a natural isomorphism of
abelian groups

Hom(FM, N) ~ Hom(M, GN)). )
A functor F : C — D between two abelian categories is left exact if and
only if it is additive and preserves left exact sequences (and dual). )
Let D be an additive (resp. abelian) category. If a fully faithful (resp. and
exact) functor C < D has an adjoint or a coadjoint, then C also is additive
(resp. abelian).

v

THEOREM (QUILLEN)

If C is an abelian category endowed with its canonical topology, then

Yoneda’s embedding C — Ab(C) is exact.

-—
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COMPLEX

A (long) sequence is a commutative diagram on the ordered set (Z, <):
_ dnfl dn
R IHKn*)Kn—&—l*)_”

If C is additive and d" o d"~! = 0 for each n € Z, we call K*® a (cochain)
complex. The complexes of C form an additive subcategory C(C). Limits
and colimits in C(C) are computed argument by argument. If C is abelian,

so is C(C).

The dual notion is that of chain complex. The equivalence Z ~ Z°P
induces an equivalence C(C°P) ~ C(C) between chain complexes and
cochain complexes. One usually writes K, := K=" and d, := +d~ "1

A complex K*® is bounded below if K" =0 for n << 0. They form a full
subcategory CT(C). A complex is bounded above if it is bounded below in
C°P and we get a category C~(C). A complex is bounded if it is bounded
both above and below and we get a category CP(C).
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EXAMPLES

@ Any M € C gives rise to a unique complex with KO = M and K" =0
otherwise. We obtain a fully faithful functor

C < C(C), M s [M]

that commutes with all limits and colimits.

© Any morphism f : M — N gives rise to a unique complex with d® = f
and d" = 0 otherwise. We obtain

Mor(C) — C(C),(M — N) — [M — NI|.

@ Same with left, right or short exact sequences.

@ Any simplicial complex C® in an additive category'C gives rise to a
cochain complex with K" = C" and d" = >_(—1)'d/.

@ If X is a topological space, we may consider the chain and cochain

complexes Co(X) and C*(X) obtained from the corresponding
simplicial and cosimplicial complexes.
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EXAMPLES

@ A derivation of a graded k-algebra A is a k-linear map d : A — A of
degree 1 satisfying d o d = 0 and such that

Va,b € A, d(ab) = d(a)b + (—1)%&( ad(b).

A differential graded algebra is such a pair (A, d). It gives rise to a
complex

0——=GrPA—9~ GlA—9- GrrA

@ If X is a (smooth) scheme over S, then the derivation Ox — Q}(/S

extends uniquely to a derivation of /\Q}qs =: @QS’(/S. In particular,
we obtain the de Rham complex of X/S:

d d
OHOXHS&/S Qi/s

© Same for algebraic, analytic or even differential varieties.

v
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COHOMOLOGY

Let C be an abelian category. Then the n-th cohomology of a cochain

complex K*® of C is
H"(K®) = kerd"/im d"1.
The n-th homology H,(K,) of a chain complex K, is its n-th cohomology
in C°P.
Q If M € C, we have H([M]) = M and H"([M]) = 0 otherwise.

© We have HO([M &5 N]) = ker  and HY([M £ N]) = coker f.
@ A short exact sequence 0 - M — M — M" — 0 has 0 cohomology.

@ If X is a topological space, then

Hnsing(X) := Ha(Ge(X)) and  Hg,.(X) :=H"(C*(X)).

@ If X is a differential variety, then Hig (X) := H"(Q*(X)).

v
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Recall that C denotes an abelian category. A complex K* is said to be
acyclic (or exact) in degree n if H?(K®) = 0. It means that

im d" ! = kerd".

An acyclic (or exact) complex K*® is a complex which is acyclic in each
degree. We also say that K*® is a long exact sequence.

Note that there exists a family of additive functors
H":C(C) = C

which are not exact in general:

Any short exact sequence 0 — K®* — L* — M*®* — 0 gives rise to a long
exact sequence

o HY(K®) = HY(L®) — H(M®) = H™Y(K®) = -

This is a consequence of the snake lemma:
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M’ M M’ 0
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INJECTIVE/PROJECTIVE RESOLUTION

Let C be an abelian category. An | € C is called injective if the functor h,
is exact. The category C has enough injectives if any M € C is a subobject
of an injective /. The dual notion is that of projective object.

An [ € C is injective if and only if any monomorphism / < M has a
retraction if and only if any extension by / is trivial (and dual).

EXAMPLES
@ The abelian groups Q and Q/Z are injective (meaning divisible).
@ A left A-module is projective if and only if it is a direct factor of a
free A-module.
@ Z/2 is projective (but not free) over Z/6.

@ If Ais a ring, then the category A-Mod has enough injectives and
projectives.

@ If A is a sheaf of rings on a small site, then A-Mod has enough
injectives.

v

Bernard Le Stum (Université de Rennes 1) Cohomology and sheaves February 23, 2017 147 / 161



Let C be an abelian category. A quasi-isomorphism of complexes

f: K®* — L*® is a morphism such that each H"(f) is an isomorphism. Note
that being quasi-isomorphic is not a symmetric relation. We will also say
that L® is a right resolution of K*®. It is called an injective resolution if
each L" is injective.

A left (resp. a projective) resolution is a right (resp. an injective)
resolution in C°P.

EXAMPLES
@ A complex is acyclic if and only if it is quasi-isomorphic to [0].
© A sequence 0 -+ M — K® — K1 — ... is exact if and only if
[M] — K* is a right resolution.

© Any abelian group M has a projective resolution of length 2: a short
exact sequence 0 — Ly — Lg — M — 0 with Ly and L free.

If C is an abelian category with enough injectives, then any complex which
is bounded below has an injective resolution (and dual).
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EXAMPLES

@ We may consider the presheaf of abelian complexes on Top defined by

C* X = C*(X).

Then there exists a surjective quasi-isomorphism C*(X) — C*(X)
(theorem of small chains below). Moreover, when X is locally
contractible, then Cg is a right resolution of Zx.

@ If X is a smooth analytic variety (resp. a differentiable manifold),
then the de Rham complex Q% is a right resolution of Cx (resp. Rx).

© Let X be a smooth scheme over S. Then the Koszul complex

d
0= A\ Tx/s ® Dxys — -+ = Tx/s ® Dx;s = Dx/s

is a left resolution of Ox.

@ If X is a smooth scheme over a Q-scheme S, then Grothendieck
linearized complex L(Q;</5) is a right resolution of Ojnf, .
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HomMmoToPYy

Let C be an additive category. A morphism of complexes f : K®* — L® is
said to be homotopic to 0 if there exists a family of s” : K" — L"~! such
that for all n, we have

f” — sn—&—l o dn + dn—l OSn.

Morphisms that are homotopic to 0 form a subgroup of Homc(c)(K', L*).
And composition on both sides with a morphism homotopic to 0 always
gives a morphism homotopic to 0.

Two morphisms of complexes f, g : K® — L*® are said to be homotopic if
g — f is homotopic to 0. This is an equivalence relation ~ compatible with
composition on both sides.

A homotopy equivalence is a morphism of complexes f such that there
exists g with fog ~Id and go f ~ Id.
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One defines the category K(C) of complexes up to homotopy as the
category that has the same objects as C(C) and

Homg ) (K*®, L*) = Hom¢(c)(K*®, L*)/{homotopic to 0}
with the induced composition. This is an additive category and there

exists an obvious additive functor C(C) — K(C).

A morphism of complexes is homotopic to 0 if and only if its image is 0 in
K(C). Two morphisms of complexes are homotopic if and only if they have
the same image in K(C). A morphism of complexes is a homotopy
equivalence if and only if its image in K(C) is an isomorphism.

On defines K*(C), K~(C) and KP(C) in the same way (may also be seen
as full subcategories).

If T is a presheaf on Top, one may consider the simplicial set

Se(T) := T o A® and define the corresponding abelian complexes Co(T)
and C*(T). The small chain theorem states that if R is a sieve of X, there
exists an injective homotopy equivalence Co(R) — Co(X).

Bernard Le Stum (Université de Rennes 1) Cohomology and sheaves February 23, 2017 151 / 161



DERIVED CATEGORY

The derived category D(C) of an abelian category C is the localization of
C(C) at all quasi-isomorphisms. Note that, by definition, the functors H”
factor through D(C).

Actually, H" factors also through K(C). More precisely, if f is homotopic
to 0, then H"(f) =0 for all n € Z. If f is homotopic to g, then

H"(f) = H"(g). And if f is a homotopy equivalence, then it is a
quasi-isomorphism.

It follows that the localization functor factors as
C(C) — K(C) — D(C).

Moreover, we have:

The category K(C) admits both left and right calculus of fractions with
respect to quasi-isomorphisms.
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If C is an abelian category, one can also define and describe D™(C), D~ (C)
and D®(C) along the same lines.

Moreover, there exists a canonical embedding D*(C) < D(C) whose
essential image is made of complexes such that H"(K®) =0 for n << 0
(and analobous statements with — and b).

Note also that the functor H? : D(C) — C is a retraction of the embedding
C — D(C),M +— [M] (and same with 4+, — and b).

Assume that C is an abelian category with enough injectives and let 7
denote the full (additive) subcategory of all injective objects. Then there
exists a natural equivalence

K*(Z) ~D'(C) (and dual).

Of course, this map the composition of inclusion K*(Z) < K*(C) and
localization K*(C) — D*(C).
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DERIVED FUNCTOR

If C is a additive category, then any additive functor F : C — C’ extends
naturally to an additive functor

F:C(C) — C(C).
And it will automatically preserve homotopies and induce a functor
F:K(C) — K(C)).

Assume now that C and C’ are abelian. Then, if F is exact, it will induce a
functor
F:D(C) — D(C"),

but this is not the case in general.

Of course, boundedness (left, right or both sides) is preserved under these
constructions.
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Let F : C — C’ be a left exact functor of abelian categories with C having
enough injectives. Then the right derived functor of F is the unique (up to
isomorphism) functor making commutative the following diagram:

D*(C) 5~ D*(C')
K*(Z)

£

K*(C) *> K*(C).
And we will set for all n € Z,
R"FK® := H"(RFK®).

If M € C, we may consider RFM := RF[M] € D*(C’), and for all n € Z,
R"FM € C'. Since F is left exact, we have ROFM = FM.

One defines dually LF for F right exact and C having enough projectives.
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EXAMPLE

Let M be an object of C, an abelian category with enough injectives. Then
Ext"(M, N) := R"Hom(M, N).

We have Ext”(M, N) = 0 for n < 0, Ext°(M, N) = Hom(M, N), and
Ext}(M, N) classifies all extensions of M by N.

THEOREM

| \

Let F : C — C’ be a left exact functor between abelian categories. Assume
that C has enough injectives. Then, any short exact sequence

0—-K*—=L*—=- M =0

gives rise to a long exact sequence

-+ — R"FK®* — R"FL* — R"FM® — R"™'FK® — ...

A\
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Let F:C — C’ be a left exact functor between abelian categories with C
having enough injectives. Then, an object M € C is said to be (right)
acyclic with respect to F if FM = RFM (i.e. R"FM = 0 for n # 30).

If K® is a right resolution of an object M € C where each K" is acyclic
with respect to F, then we have RFM = FK®. As a consequence

VneN, R'FM = H"(FK®).

EXAMPLES

o

(2]

o
o

o

An object is injective if and only if it is acyclic with respect to any left
exact functor F if and only if it is acyclic with respect to Hom.

An abelian sheaf on a topological space X is said to be acyclic if it is
acyclic with respect to (X, —).

The sheaf E)’} on a topological space is acyclic (flabby sheaf).

The sheaf of C*°-functions on a differential manifold X is acyclic (soft
sheaf).

A scheme X is affine if and only if coherent sheaves are acyclic.
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If C is a site, we already met the global section functor on X € C:

Ab(C) Ab
Fr——=T(X,F) = F(X).

If F* is a complex of abelian groups on C, we write

H"(X, F*) .= R"T(X,F*).

When E is a usual abelian group, we will just write
H"(X, E) := H"(X, E¢).

More generally, if X € C;7 and p: X — T denotes the structural
morphism, we set for F on C,T,

HP(X/T,F*) :== R"p.F*.

(I said “more generally” because the previous case corresponds to T being

~

the final object of C).
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EXAMPLES

@ If X is a locally contractible topological space, then
HA(X, Z) = H'(X, Ex) = HI,,(X).
@ If X is a differential manifold, then
H"(X,R) ~ H"(X, Q%) ~ Hig (X).
@ If X is a smooth analytic variety, then, we have
H"(X,C) ~ H"(X, Q%).
Q@ If X is a smooth algebraic variety over C, we have (GAGA)
H"(X, Q%) ~ H"(X?", Q%an).

@ If X is a smooth scheme over a Q-scheme S, we have

H"(X, Q}/S) = Ext%X/S(OX, Ox) ~H"(X = S, Oint).
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EXAMPLES

@ When Sch is endowed with the Zariski, étale or flat topology, one
writes HZ, (X, F*), HL (X, F*) or Hi(X, F*) to make the difference.

@ If X is an algebraic variety over k and ¢ { acar(k), then

H7(X) := Q1 @z, lim HE, (kP @5 X, Z/(™)
m

@ If X is an algebraic variety over C, we have

H(X, Z/0™) ~ H"(X*,Z/¢™) and HJ(X) ~ H"(X?", Q).

More generally, all these isomorphisms in cohomology extend to
coefficients. The main tool in order to prove these results is:

@ We have R(Go F) = RG o RF as long as F-acyclic is sent to
G-acyclic.

@ If a functor G has an exact adjoint, then it sends injective to injective.
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