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INTRODUCTION

Recall the Weyl algebra (k,n € N)

D= { Z anx“ 0", axn € C} with dx = x0 + 1.

finite

(1) There exists a sequence of inclusions

(’):{Zc,,x",cneC} CD:{Z fna",f,,eo}

finite finite

cD= { PR AN A 0} ~ End¢(0).

infinite
(2) There exists a presentation 0 — D 4ps0-o0.

(3) Left D-modules form a (Grothendieck) closed symmetric monoidal abelian
category with unit O.

(4) The category of fundamental representations of an open subset embeds into
that of D-modules.

Bernard Le Stum (Université de Rennes) M-modules October 19, 2026 3/16



One can introduce in the same way the ring of matrices (k,n € N)

_ e if n=20
M= { Z Ckn€xt”, Ckn € Z} , with tey,11 = e, et exen = { Okotherwise

infinite in t

(1) One can show that

Ze = {Z anen, an € Z} cMY = {Z ant", an € Z.}

finite finite

cM= { Z ant", a, € z,} ~ Endz(Z,).

infinite
(2) There exists a presentation 0 — M -5 M — Z, — 0.

(3) M-modules form a (Grothendieck) closed symmetric monoidal abelian category
with unit Z,.

(4) The category of complete metrizable linearly topologized abelian groups
embeds into that of M-modules.
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THE RING M OF MATRICES

The ring M of matrices and the module Z, of vectors are repectively the set of

@ N x N-matrices with finite columns and coefficients in Z (endowed with usual
multiplication),

@ finite columns of integers (endowed with usual action):

* *

k

M={ | F - and Zs =4 | «
0 =

0
0

If we identify Z, with the first column of M, it becomes a projective principal
(left) ideal and M ~ Endz(Z,) ~ ZY (as M-modules).
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If we set

0
01 0
en = (1) and t:=|0 0 1 ,
0

we then recover the description of M from the introduction. Actually, there exists
a split exact sequence

0—>Mi>M—>ZZ—>O.

It provides an isomorphism M =~ lim M/Mt" showing that M is complete for the
t-adic topology. For example, 1 =3 e,t".
We shall denote by M®? the set of N x N x N-matrices with integer coefficients
and finite columns (first index is finite). We have

M®2 ~ ZNXN ~ (ZN)N ~ MmN

in two different ways. This is therefore a (left) M-module with two equivalent
structures of right M-modules.
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The internal tensor product of two (left) M-modules E and F is the (left)
M-module
E®z, F:=(M®2 @y E)®m F

obtained by using successively both right M-module structures of M®2.

PROPOSITION

Internal tensor product endows M-modules with a closed symmetric monoidal
structure with unit Z,.

In particular, there exists a bifunctor Homz, and a natural isomorphism
Homz, (E ®z, F, G) ~ Homgz, (E, Homz, (F, G)).

We shall denote by EY := Homgz, (E, Z,) the dual of E.

PROPOSITION

MY is (isomorphic to) the projective twosided ideal of finite matrices and
MYV ~ M — so that M is reflexive.
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PROPOSITION

Finitely presented M-modules are stable under finite colimit, countable limit,
extension and internal tensor product. Any M-module is a filtered colimit of
finitely presented M-modules.

\

PROPOSITION

For an M-module E, the following conditions are equivalent:
@ E is finitely presented (resp. finitely generated projective),
© E ~M/Mu (resp. M/Me with & = e),

Q there exists an exact sequence Z!, — Z] — E — 0 with countable I, J (resp.
an isomorphism Z. ~ E with countable ).

4

@ M, Z, and M®? are finitely generated projective,

© MV is projective but not finitely generated,
@ Z,. :=M/M(t — p) is finitely presented but not projective (p a prime),
Q Z[1/n]e :=MY/MY(1 — nt) and Qpe := Ii_@p_ Zpe are neither.
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Using an argument of Clausen and Scholze, one shows:

If E is a finitely presented M-module, then
E~2Z0 @ &xtz, (Ze ®2 T,Zd)

where T is a countable abelian group with TV := Homz(T,Z) = 0.

Any finitely generated ideal of M is principal projective.

Equivalently: any finitely presented M-module admits a length 2 projective
resolution. With the notations of the lemma, if0 -Z-J—-Z-/—- T —0is
exact, the same holds for 0 — Z! — Z{ — Extz,(Ze ®z T,Z,) — 0. O

COROLLARY
M is a (left) coherent ring.
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LINEARLY TOPOLOGIZED ABELIAN GROUPS

A topological abelian group V is said to be linearly topologized if its open
subgroups V' form a basis of neighborhoods of zero and then complete if
V ~ I@ v/v".

v,

@ Any module over an adic ring (such as Z[[X]] or Z,),

@ Any finitely presented module over a Huber ring (such as Q, or Q,{X}).

When V is a topological abelian group, we shall write Vi := {(s;)nen, S — 0}.

@ We fall back onto our former Z, when Z has the discrete topology,

© We have M ~ (ZN), (product topology) and MY ~ (Z - N), (discrete
topology),

Q Z,e = M/M(t — p), Z[1/n]e =~ MY /MY(1 — nt) and Qpe = lim Zp,.
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PROPOSITION

If V is a complete linearly topologized abelian group, then V4 is canonically an
M-module and the functor V +— V,

—

@ admits an adjoint E — E(x) (with E(x) := E*=0),
© is monoidal: there exists a natural M-linear map Vo, @z, We — (V®z w),,

@ s fully faithful on metrizable abelian groups,

Q@ s strong monoidal on discrete abelian groups: Vo @z, Wy ~ (V @z W),, in
which case it has a coadjoint E — E(x) (automatically monoidal) that itself
has a coadjoint.

Point (3) follows from the next fundamental lemma. Recall first that there exists
the notion of a linearly M-topologized M-module: basis of open neighborhoods of
zero made of M-submodules. Then,

Any M-linear map E — F between linearly M-topologized M-modules with E
metrizable and F complete is automatically continuous.

It means that continuity is a built-in feature for M-modules.
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THE SURPRISE !

THEOREM (GABRIEL-POPESCU)

If A is a bicomplete abelian category with exact filtered colimits and finitely
presented projective generator G, then A is equivalent to the category of
A-modules with A = End(G).

THEOREM (CLAUSEN-SCHOLZE)

(Light) solid abelian groups form a bicomplete abelian category with exact filtered

colimits and finitely presented projective generator ZN.
v

COROLLARY

The category of solid abelian groups is equivalent to the category of
M-modules. 0

As a consequence, all the formal properties of M-modules are also valid for solid
abelian groups!
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An M-ring A (resp. an A-module E) is an M-module endowed with an associative
unital morphism A®z, A — A (resp. ARz, E — E).

Formally, A is monoid of the monoidal category of M-modules and E is an
A-object (this corresponds to solid rings and modules).

PROPOSITION

@ IfR (resp. V) is a complete linearly topologized ring (resp. R-module), then
R. (resp. V) is canonically an M-ring (resp. Ro-module),

© restricted to metrizable rings (resp. modules), we obtain a fully faithful
functor,

@ if R is discrete, then the category of R,-modules is equivalent to that of
usual R ®z M-modules.

Z, is an M-ring and a Z,-module is the same thing as a usual M-module.
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Q A Z[X]s-module is a usual M[X]-module (a usual M-module endowed with an
endomorphism),

@ a Z[[X]]e-module is a usual M[[X]]-module and (full embeddings !)
Z[[X]]-Mod"  Z[[X]]e-Mod C Z[X]o-Mod = M[X]-Mod

(A: complete metrizable linearly topologized + continuous linear maps),

@ a Zp,-module is a usual Mp-module (where V;, := lim V//p"V) and (full
embeddings !) Z,-Mod”" C Zpe-Mod C Z,-Mod = M-Mod,

@ a Q.,-module is a usual Q ®z M-module (do not confuse with the ring Mg of
column-finite matrices with rational coefficients),

@ a Qpe.-module is a usual Q ®z M,-module and (full embeddings !)
Qp-Ban C Qpe-Mod C Z,-Mod = M-Mod (Q,-Ban = {p-adic Banach
spaces}),

@ a Z,{X}.-module is a usual M,{X}-module (we denote by
A{X} = lim,, A[X]/V[X], V open subgroup, the ring of convergent
functions on the closed unit disc).
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The previous results rely on the remarkable stability of internal tensor product:

0 Z[[X]ls ®%, Z[[Y]le = Z[[X, Y]],
© Z,. ®5, Z[[X]le = Z,[[X]l,
Q Z,. ®%. Zpe > Zpe and Zp, ®IZ. Zye = 0 when ¢ # p,

Q@ Qpe ®5, Z[[X]ls ~ Q,[[X]I5? and Qpe ®Z, Qpe =~ Qpe (where
Qu[[X]]P4 := Q ®z Z,[[X]] is the ring of bounded functions on the disc),
Q E, ®Iz_ [ B2 (E(/X\)QPF). if E and F are two Q,-Banach spaces,

0 Z[[X]l ®%p, ZIX1e = Z[[X]L..

A\

THEOREM (MANN)

If R is finitely generated (over Z), | C R is an ideal and E, F are two (derived)
I-complete R,-modules, then E ®I;?_ F also is (derived) I-complete.

- THANK YOU -
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