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Introduction

The central notion in p-adic Hodge theory is now that of a prism due to Bhargav
Bhatt and Peter Scholze. On the other hand, q-difference equations have been
around for quite a long time. I want to explain the close relation between them.

!

Prismatic vector bundles
)

!

q-difference equations
)

!

q-crystalline vector bundles
)

!

qp´1q-difference equations
) F˚

C˚
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The four categories are indeed equivalent. And cohomology upstairs corresponds
to solutions/cosolutions downstairs.
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Frobenius

A (always commutative) ring B defined over the complex numbers often comes
with a complex conjugation σ : B Ñ B. A ring A over the finite field Fp always
comes with its frobenius φ : B Ñ B, f ÞÑ f p. In both cases, this provides a
powerful rigidification of the situation. We will concentrate on the second one and
fix from now on a prime p.

Definition
A frobenius F on a ring B is a ring endomorphism φ : B Ñ B whose reduction
modulo p is the usual frobenius.

Example
1 If B is defined over Fp, then the above frobenius is the unique frobenius.
2 If B “ Z, then the identity is the unique Frobenius.
3 If B “ Zrqs, then the frobenii are defined by φpqq “ qp ` pδpqq.
4 If B “ Zr

?
´1s, then there exists no frobenius at all when p “ 2.
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Prisms

It is a very strong condition for a morphism to be compatible with the frobenii.
Roughly speaking, given a ring B, a prism is a ring B endowed with a frobenius φ
and an ideal I such that B{I “ B. The correct definition is more involved:

Definition (Bhatt-Scholze)
A (bounded) prism is a couple pB, Iq where B is a δ-ring, I is an invertible ideal, B
is (bounded) complete for the pp, Iq-adic topology and p P I ` φpIqB. It is said to
be perfect if φ is bijective (equivalently B “ B{I is (integral) perfectoid).

Let us comment a bit.

1 A δ-ring is always endowed with a frobenius φ and this is equivalent when B
is p-torsion free (in general φpf q “ f p ` pδpf q).

2 I is invertible if, locally, I “ pdq with d P B regular (d is then called an
orientation).

3 Complete means that B “ lim
ÐÝ

B{pp, Iqn.
4 Bounded means that B has bounded p8-torsion.
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Examples

Example
1 The (perfect) crystalline prism pZp, pq in which case B “ Fp.
2 The Breuil-Kisin prism pZprruss, u´ pq with φpuq “ up in which case B “ Zp.
3 The q-de Rham prism pZprrq ´ 1ss, ppqqq with φpqq “ qp and

ppqq “ 1` q ` ¨ ¨ ¨ ` qp´1, in which case B “ Zprζs with ζ “ e
2π
?
´1

p .
4 The (perfect) Fontaine prism pAinf , ker θq. Let Cp be the field of p-adic

complex numbers, OCp the closed unit disc and O5Cp
“ lim
ÐÝx ÞÑxp OCp its tilt.

Then, there exists a surjection

θ : Ainf :“W pO5Cp
q� OCp ,

ÿ

pk rxk s Ñ
ÿ

pkx p0qk

(in which W denotes the Witt vectors). Here we have B “ OCp .

These examples are not unrelated. There exist morphisms of prisms

pZprruss, u ´ pq Ñ pAinf , kerpθqq and pZprrq ´ 1ss, ppqqq Ñ pAinf , kerpθqq

sending respectively u to rp5s and q to rζ5s.
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Prismatic sites

A site is a categorical version of (the open subsets of) a topological space. The
prismatic site � of Bhatt-Scholze is the category of bounded prisms with
(formally) faithfully flat maps as coverings. More generally, a prismatic site is a
category fibered over �.

Example
1 Fix a base (oriented) prism pR, dq. Let A be a an R-algebra. Then, the

prismatic site �pA{Rq is the category of morphisms AÑ B where pB, Jq is a
prism over pR, dq.

2 A q-PD-pair is a complete ppqq-torsion free δ-ring B over Zprrq ´ 1ss
together with a closed ideal J such that

@f P J , φpf q ´ ppqqδpf q P ppqqJ .

For example, we may consider the δ-pair pZprrq ´ 1ss, q ´ 1q.
Fix a base q-PD-pair pR, rq. Let A be a an R{r-algebra. Then, the
q-crystalline site q´CRISpA{Rq is the category of morphisms AÑ B where
pB, Jq is a (bounded) q-PD-pair over pR, rq.
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Cartier descent

A ringed site is a site endowed with a sheaf of rings O. A vector bundle on a
ringed site is a locally finite free O-module. They form a category VecpOq. For
example, � is endowed with the sheaf of rings O� that sends pB, Jq to B. Any
prismatic site inherits a ringed structure.

Cartier descent in this setting is essentially due to Kumihiko Li:

Theorem (Li)
Let pR, rq be a q-PD pair, A a complete smooth ring over R{r and

A1 :“ A pb
R{rÕφ

R{ppqq.

Then there exists an equivalence of categories

C˚ : VecpO�pA1{Rqq » VecpOq´CRISpA{Rqqq.

Proof.
[Li21].
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q-difference equations - informal

Let A be a “ring of functions in one variable x” and f P A. Denote by
Bpf q :“ d

dx pf q the derivative of f , and set

∆hpf qpxq :“ f px ` hq ´ f pxq
h and Bqpf qpxq :“ f pqxq ´ f pxq

qx ´ x .

Then,
Bpf q “ lim

hÑ0
∆hpf q “ lim

qÑ1
Bqpf q.

Using ∆h (resp. Bqq instead of B, we replace usual calculus with finite difference
(resp. q-difference) calculus.

We are interested in q-difference equations here. Actually, a functional (matrix)
equation Y pqxq “ MpxqY pxq corresponds bijectively to a q-difference equation

pBqY qpxq “ GpxqY pxq with Gpxq “ Mpqxq ´Mpxq
qx ´ x .

We want to formalize this a bit.
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q-difference equations

We fix q-PD-pair pR, rq and a complete R-algebra A with a coordinate x (an étale
map Rrx s Ñ A). For all m P N, there exists a unique endomorphism

AÑ A, f ÞÑ f pq
pm
q, f pq

pm
qpxq “ f pqpm

xq and f pq
pm
q ” Id mod qpm

´ 1.

Then, there exists a unique R-linear map (a qpm -derivation)

Bqpm : AÑ A, Bqpm pxq “ 1 and Bqpm pfgq “ Bqpm pf qg ` f pq
pm
qBqpm pgq.

Definition
A qp´mq-difference equation is a finite projective A-module M endowed with an
R-linear map

Bqp´mq : M Ñ M, Bqp´mqpfsq “ ppmqqBqpm pf qs ` f pq
pm
qBqp´mqpsq.

When m “ 0 (resp. m “ 1), this is a q-deformation of a module with an integrable
connection (resp. a Higgs module). They form a category MICqp´mqpA{Rq.
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Frobenius descent

Definition
A qp´mq-difference equation is said to be topologically quasi-nilpotent if

@s P M, Bk
qp´mqpsq Ñ 0 when k Ñ8.

They form a subcategory zMICqp´mqpA{Rq of MICqp´mqpA{Rq.

One can then prove Berthelot’s frobenius descent in this setting:

Theorem (Gros-LS-Quirós)
If A1 :“ A pbRÕφR, then there exists an equivalence of categories

F˚ : zMICqp´1qpA1{Rq » zMICqp0qpA{Rq.

Proof.
[GLQ22b].
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Twisted divided powers

Definition
The ring of q-divided polynomials of level ´m is the free A-module Axωyqp´mq on
generators ωtnuqp´mq with the multiplication rule:

ωtn1uqp´mqωtn2uqp´mq “
ÿ

0ďiďmintn1,n2u

q
pmipi´1q

2

ˆ

n1 ` n2 ´ i
n1

˙

qpm

ˆ

n1
i

˙

qpm
pq ´ 1qix iωtn1`n2´iuqp´mq .

Proposition (Gros-LS-Quirós)
There exists (for m “ 0 or m “ 1) a unique natural δ-structure on Axωyqp´mq
such that

ξ “ ppmqqω
t1uqp´mq ñ φpξq “ px ` ξqp ´ xp.

Proof.
[GLQ22c] in the case m “ 0 and [GLQ22b] when m “ 1.
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Hyperstratifications

Definition
A q-hyperstratification of level ´m on a finite projective A-module M is an
isomorphism (we use the Taylor map x ÞÑ x ` ppmqqω on the left)

ε : zAxωyqp´mq b
1
A M » M bA zAxωyqp´mq

satisfying the cocycle condition p˚13pεq “ p˚12pεq ˝ p˚23pεq.

They form a category zStratqp´mqpA{Rq.

Proposition (Gros-LS-Quirós)
There exists an equivalence of categories

zStratqp´mqpA{Rq » zMICqp´mqpA{Rq.

Proof.
It is given by εp1b sq ” s b 1` Bqp´mqpsq b ωt1uqp´mq mod ωtą1uqp´mq .
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Prismatic envelope

Theorem (Gros-LS-Quirós)

The prism
´

zAxωyqp´1q, ω
tą0uqp´1q

¯

is the prismatic envelope of the kernel I of the
composite map AbR AÑ AÑ A: it is universal among all morphisms
pAbR A, Iq Ñ pB, Jq to a prism.

Proof.
[GLQ22b].

Corollary
There exists an equivalence of categories

VecpO�pA{Rqq »
zStratqp´1qpA{Rq.

Proof.
It is obtained by evaluating a bundle on the prism pA, ppqqq which is a covering of
A.
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Conclusion

There exists an exact analog of the previous slide in the case m “ 0 for the
q-crystalline site. We can now summarize our constuctions:

VecpO�pA1{Rqq

zStratqp´1qpA1{Rq

zMICqp´1qpA1{Rq
F˚

zMICqp0qpA{Rq

zStratqp0qpA{Rqu

VecpOq´CRISpA{Rqqq
C˚
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